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Abstract

Quantum theory is a probabilistic theory that provides a description of small-scale physical systems
such as atoms or photons and it is one of the most successful physical theories that have been verified
experimentally with a high degree of accuracy. At the same time it predicts phenomena such as
quantum entanglement, Bell non-locality or more generally quantum contextuality that have been
harnessed as resources for certain applications that are not accessible within classical physics. What
is more, quantum phenomena are responsible for the recent rapid development of the new quantum
technologies, just to mention the quantum computing machines. However, as far as the possibility
of full exploitation of quantum technologies is concerned, this development has to be followed by
designation of suitable certification tools that would enable the user to verify or certify that a given
device operates according to its specification and generates the correct output. Such certification tools
are particularly relevant in the context of quantum cryptography where the communicating parties
need to verify that the state shared by the parties as well as the measurements performed by them
are the correct one.

While there exist methods that serve the above purpose such as for instance the well-known
quantum tomography, these rely on certain assumptions such as that the measuring devices used to test
the state are fully characterized and that the user can trust that they perform correct measurements.
While in certain situations such assumptions are justified, they are not when it comes to such tasks as
quantum cryptography. As a remedy to this problem the idea of self-testing was put forward by Mayers
and Yao. It allows for almost complete characterization of the underlying quantum systems based on
the nonclassical correlations they produce, without the need of making strong assumptions about
them. It thus falls into the category of device-independent certification in which quantum devices are
treated as black boxes whose internal working is unknown to the user and the nonclassicality they
generate is used to make nontrivial statements about them.

Self-testing as originally put forward by Mayers and Yao is based on Bell nonlocality and allows
for certification of entangled states and the measurement performed on them. While many self-
testing methods have already been proposed for entangled quantum states both in the bipartite and
multipartite case, most of them, in particular, in the multipartite case, are devoted to systems that
are locally qubits. Moreover, this type of certification methods have barely been explored for systems
that do not have spatially separated subsystems and thus do not give rise to Bell nonlocality. Our
aim here is to fill the above gaps. On one hand, we explore the possibility of exploiting quantum
contextuality for certification purposes. In this direction we provide a class of scalable noncontextuality
inequalities whose maximal violations can be used for certification of quantum systems consisting
of N qubits and sets of binary measurements that obey certain commutation and anticommutation
relations and generate the N-qubit Pauli group. Second, we propose a scheme, which is a modification
of the standard quantum contextuality scenario, which allows for making certification statements
about quantum systems from the observed correlations, however, without making any assumptions
about the compatibility structure of the involved measurements which are made in contextuality-based
approaches. On the other hand, we introduce the first, to the best our knowledge, general class of
Bell inequalities that are maximally violated by the multipartite graph states of arbitrary prime local
dimension and show that in the qutrit case the maximal quantum violation of these inequalities allows

for self-testing of the graph states. Again, our inequalities are scalable in the sense that the number



of expectation values they consist of scales linearly with the number of parties which is relevant from

the point of view of their experimental exploitation.
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Streszczenie

Teoria kwantowa to teoria probabilistyczna, ktora opisuje uklady fizyczne o matej skali, takie jak
atomy czy fotony, i jest jedna z najskuteczniejszych teorii fizycznych, ktére zostaly zweryfikowane
eksperymentalnie z duza dokladnoscia. Jednoczeénie przewiduje zjawiska takie jak splatanie kwan-
towe, nielokalnos¢ Bella czy bardziej ogdlnie kontekstualno$¢ kwantowa, ktére zostaly przekute w
zasoby dla pewnych zastosowan, ktore nie sa dostepne w fizyce klasycznej. Co wiecej, zjawiska te
sg odpowiedzialne za szybki rozwdj nowych technologii kwantowych, ktéry sie w ostatnim czasie
odbywa, zeby tylko wspomnie¢ komputery kwantowe. 7Z punktu widzenia mozliwoséci pelnego wyko-
rzystania technologii kwantowych, za tym rozwojem musi podazaé tworzenie odpowiednich narzedzi
certyfikujacych, ktére umozliwityby klasycznemu uzytkownikowi sprawdzenie lub poswiadczenie, ze
dane urzadzenie dziala zgodnie ze swoja specyfikacja i generuje prawidlowy wynik. Takie narzedzia
certyfikacji sa szczegdlnie istotne w kontekscie kryptografii kwantowej, gdzie komunikujace sie strony
musza, zweryfikowaé, czy stan udostepniany przez strony, jak rowniez wykonane przez nie pomiary sg
prawidlowe.

Pomimo tego, ze istnieja metody stuzace powyzszemu celowi, jak na przyklad dobrze znana to-
mografia kwantowa, opieraja sie one na pewnych zatozeniach, takich jak to, ze urzadzenia pomiarowe
uzywane do badania stanu sa w peli scharakteryzowane i ze uzytkownik ma pewnosé, ze wykonuja
prawidlowe pomiary. O ile w niektorych sytuacjach takie zalozenia sa uzasadnione, o tyle przypadku
takich zadan jak kryptografia kwantowa juz nie. Jako remedium na ten problem, Mayers i Yao zapro-
ponowali idee samotestowania. Pozwala ono na niemal pelng charakteryzacje uktadéow kwantowych w
oparciu o wytwarzane przez nie korelacje nieklasyczne, bez koniecznosci czynienia zalozen na temat
tych urzadzen. Samotestowanie jest zatem sposobem certyfikacji w wersji niezaleznej od urzadzen
(ang. device-independent), w ktérej urzadzenia kwantowe sa traktowane jak czarne skrzynki, ktérych
wewnetrzne dziatanie jest nieznane dla uzytkownika, a nieklasyczno$é, jaka generuja, jest tym zasobem,
ktéry pozwala wyciagaé nietrywialne wnioski na ich temat.

Samotestowanie, w swoim pierwotnym sformutowaniu opiera sie na nielokalnosci Bella i umozliwia
certyfikacje standéw splatanych i wykonanych na nich pomiaréw kwantowych. Cho¢ powstalto juz wiele
metod samotestowania splatanych stanéw kwantowych zaréwno w przypadku dwucialowym, jak i wie-
loczesciowym, wiekszo$¢ z nich, szczegdlnie w tym drugim przypadku, poswiecona jest uktadom sktada-
jacym sie z kubitow. Co wiecej, metody certyfikacji tego typu sa rzadko badane w przypadku uktaddw,
ktore nie maja poduktadéw oddzielonych przestrzennie i tym samym nie wykazuja nielokalnosci Bella.
Naszym celem jest wypelnienie powyzszych luk. 7 jednej strony badamy mozliwo$é wykorzystania
kontekstowosci kwantowej do celéw certyfikacji. W tym kierunku wprowadzamy klase skalowalnych
nieréwnosci niekontekstualnych, ktérych maksymalne tamanie kwantowe mozna wykorzystaé¢ do cer-
tyfikacji uktadow kwantowych skladajacych sie z N kubitéw i zbioréw pomiaréw binarnych, ktére
speliaja pewne relacje komutacyjne i antykomutacyjne i generuja N-kubitows grupe Pauliego. Po
drugie, proponujemy schemat, ktéry jest modyfikacja standardowego scenariusza kontekstualnosci
kwantowej, a ktory pozwala na formulowanie certyfikujacych o ukladach kwantowych na podstawie
zaobserwowanych korelacji, ale bez koniecznosci czynienia zalozen na temat struktury kompatybil-
nosci wykonywanych pomiaréw, ktére sie standardowo czyni w przypadku metod certyfikacji opartych
na standardowej kontekstualnosci. Z drugiej strony rozwijamy zastosowanie nielokalnosci Bella, ktéra

jest pewna, szczegdlng forma kwantowe]j kontekstualnoéci, w samotestowaniu. Wprowadzamy pierwsza,
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zgodnie z nasza najlepsza wiedza, ogdlng klase nieréwnosci Bella, ktére sa maksymalnie tamane przez
wieloczastkowe stany grafowe o dowolnym wymiarze lokalnym, ktory liczba pierwsza, a takze pokazu-
jemy, ze w przypadku kutrytowym maksymalne tamanie tych nieréwnosci pozwala na samotestowanie
stanow grafowych. Podobnie jak w powyzszym przypadku nasze nieréwnoéci sa skalowalne w tym
sensie, ze liczba wartosci oczekiwanych, z ktérych sie skladaja skaluje sie liniowo z liczbg poduktadow

co ma znaczenie z punktu widzenia ich zastosowan w eksperymencie.
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Chapter 1

Introduction

Quantum theory is a probabilistic theory that allows to describe physical phenomena of small-scale
systems such as atoms or photons and it is one of the most successful physical theories that have been
verified experimentally with a high degree of accuracy. Indeed, it enabled correct explanations of
such phenomena as black-body radiation, provided by Planck, or the photoelectric effect, provided
by Einstein, which at that time could not be described within existing theories. The development of
quantum theory was certainly a breakthrough in the history of science that came out with an intriguing
description that raises deep philosophical questions about nature and today it is the foundation for
emerging and promising technologies such as quantum computers.

On the other hand, quantum theory required a drastic change in the way we perceive and describe
physical phenomena. In particular, the probabilistic nature of quantum theory led Einstein, Podolsky
and Rosen [1] in their famous article published in 1935 to consider a thought experiment involving
entangled states with which they argued quantum theory is incomplete. Then, they speculated whether
quantum theory can be made complete by adding some extra (hidden) variables that were not a part
of the theory, but would remove unpredictability from it. The idea of hidden variables was a subject of
debate among physicists until 1964 when Bell proved that they are not enough to explain all predictions
of quantum theory [2]. To this aim, he devised another thought experiment involving entanglement
which gave rise to correlations violating a certain inequality which is satisfied by any theory built on
the concept of hidden variables. The existence of correlations violating Bell inequalities is nowadays
referred to as Bell nonlocality.

Many experiments have been designed since then to confirm the existence of Bell nonlocality and,
at the same time, to prove the incompatibility between predictions of quantum theory and the local
hidden variable models, just to mention the experiments performed by Freedman and Clauser in 1972
[3], or by Aspect, Dalibard and Roger [4] in 1988, or, the more recent one carried out by Hensen et
al. [5] in which it was possible to close all the relevant loopholes. Importantly, the early attempts
to experimentally confirm violations of Bell inequalities by quantum theory were acknowledged by
awarding A. Aspect, J. F. Clauser and A. Zeilinger the Nobel prize in physics in 2022. (For a broad
review about Bell nonlocality we recommend [6].)

Later it turned out possible to extend the framework of local hidden variable models to more
general scenarios where entanglement or space-like separation used in composite systems is not needed
to show the discrepancy between the predictions of quantum theory and the hidden variable models.

This leads to the notion of noncontextuality described for the first time by Kochen and Specker [7].
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Nonlocality, in the sense of Bell, can be interpreted as a special case of contextuality. Many efforts have
been devoted in the last decades to exploring, characterizing, and understanding the phenomena of
Bell nonlocality and contextuality in the context of quantum theory, and also to propose quantifiable
schemes that can be experimentally used to confirm the “weirdness” of quantum theory (cf. Refs. [3],
[4], [8]). Most of these efforts are based on violations of Bell or, more generally, noncontextuality
inequalities by quantum theory. The most famous such inequalities are the Clauser-Horne-Shimony-
Holt (CHSH) inequality [9] in the context of Bell nonlocality and Klyachko-Can-Binicioglu-Shumovsky
(KCBS) inequality [10] in the contextuality case.

The unintuitive properties of quantum theory, like entanglement and related to it Bell nonlocality
or, more generally, quantum contextuality, which can be seen as various forms of nonclassicality that
show the discrepancy between the classical and quantum theories, are also resources for information
processing. In this context, the works on communication complexity [11], information theory [12],
[13] and quantum cryptography [14], [15] should be mentioned. More recently it was pointed out that
Bell nonlocality can also be used for certification purposes. Let us stress that the need for designing
certification schemes for quantum states follows from the recent rapid development of new quantum
technologies such as quantum cryptography systems or quantum computing devices. In fact, the
possibilities that these technologies offer can only be fulfilled if the classical user is able to certify that
the new devices work according to their specification and generate the correct output. It is also worth
pointing out that the need for efficient certification methods was also highlighted in the Quantum
Manifesto [16].

The first ones to propose the exploitation of nonclassical correlations as a resource for certification
were Mayers and Yao, who put forward the concept of self-testing [17] (see also the recent review [18]).
It allows one to device-independently certify entangled quantum states and measurements performed
on them from the observed nonlocal correlations. The term “device-independent”, tossed for the first
time in the context of quantum cryptography in Ref. [14], refers to the fact that to verify or certify a
quantum state or measurements performed on it, no assumptions on that quantum objects are made,
and one uses only the statistical data generated by that system. Since then many self-testing results
have been derived for various quantum states and measurements (see, e.g., Refs. [19]-[24]). Also, the
concept of self-testing was generalized to the case of quantum contextuality to enable certification of
quantum systems that do not exhibit entanglement [25].

The main goal of this thesis is to develop certification schemes for quantum systems based on the
above forms of nonclassicality. More specifically, on one hand, we further explore the possibility of
exploiting quantum contextuality for certification purposes. In this direction, we provide a class of
scalable noncontextuality inequalities whose maximal violations can be used for certification of quan-
tum systems consisting of N qubits and sets of binary measurements that obey certain commutation
and anticommutation relations and generate the N-qubit Pauli group. Second, we propose a scheme,
which is a modification of the standard quantum contextuality scenario, which allows for making certi-
fication statements about quantum systems from the observed correlations, however, without making
any assumptions about the compatibility structure of the involved measurements which are made in
contextuality-based approaches. On the other hand, we introduce the first, to the best of our knowl-
edge, a general class of Bell inequalities that are maximally violated by the multipartite graph states
of arbitrary prime local dimension and show that in the qutrit case the maximal quantum violation of

these inequalities allows for self-testing of the graph states. Again, our inequalities are scalable in the
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sense that the number of expectation values they consist of scales linearly with the number of parties
which is relevant from the point of view of their experimental exploitation.

In the remainder of this chapter we discuss the main ideas and mathematical formalism that we
use in later parts of the thesis. In Sec. 1.1 we introduce a general framework for probabilistic theories
and a notion of classicality based on hidden-variable models. Then, in Sec. 1.2, we describe the basic
axioms of quantum theory, whereas in Secs. 1.3 and 1.4 we show examples of quantum systems that
exhibit quantum contextuality and nonlocality, respectively. The notion of quantum entanglement
is presented in Sec. 1.5 as a basic concept in quantum theory. Finally, in Sec. 1.6, we discuss the

mathematical formalism of self-testing, crucial for the certification schemes proposed in this thesis.

1.1 Probabilistic theories and a notion of classicality

In this section, we outline the general notions and suitable mathematical framework used in the
description of experiments performed on the considered physical systems. Throughout this thesis,
we adopt an operational view of preparations and measurements, sufficiently general to encompass
classical probability theory, quantum theory, and even generalized probabilistic theories. Similar
approaches are discussed more in-depth in Refs. [26], [27].

The suitable assumptions we need here are about the nature of the experiments that can be
performed on a physical system. These assumptions pertain to the two types of available actions:
preparations - such as the generation of a quantum state - and operations - such as measurements. An
important assumption is that these experiments are reproducible, they can be performed as many times
as needed and we can use multiple repetitions of a given procedure to count relative frequencies. For
each operation performed over a preparation, there may be a finite set of outcomes, each occurring with
a well-defined probability depending on the underlying physical system. Also, there exist operations
that are performed in a sequence provided they do not demolish the physical system. Preparations
can be compared through the observed statistics in relation to the operations performed on them, and
the equivalence class of these statistics defines a physical state.

Before going into a more specific theory, i.e. the quantum theory, we formulate a few very general

definitions establishing a framework that will be our playground for the rest of the thesis.

Definition 1 (States). Two preparations are equivalent if they give rise to the same probability distri-

butions in relation to all operations. The equivalence class of preparations is called a state.

This notion of states defines, from an operational point of view, what can be inferred about a
physical system. In other words, it expresses the maximal amount of information that can be accessed
via performing available operations on it. If two physical objects exhibit the same behavior for all the
available operations they cannot be distinguished and therefore they belong to the same class, which

we name by state.
Definition 2 (Measurements). Measurements are operations with more than one outcome.

Every measurement performed on a physical system reveals a possible outcome. For instance, in
the Stern-Gerlach experiment, the effect of a non-homogeneous magnetic field splitting the beam of
atoms into two other beams up and down can be modeled as a measurement with two outcomes.

Another example is a measurement of the temperature in a city at a certain time; it is a process of
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revealing a number that has a physical meaning. In this case, the measurement has a continuous range
of outcomes. In this thesis, we focus on measurements with a finite number of outcomes. Let us now

move on to the notion of compatibility of measurements.

Definition 3 (Compatibility). Given a set of measurements {A1,As,...,An}, we say that they are com-

patible if they can be performed jointly or sequentially without changing the statistics of outcomes.

The concept of compatibility of measurements in a physical system is the key point to address.
Based on our classical intuition, we tend to think that measurements are always compatible, i.e., they
can be performed without disturbing each other like the measurements of the position and the speed
of a car.

In this general framework of probabilistic theories, the meaning of compatibility is associated
with the resulting statistics after many runs of an experiment done to collect the frequencies of the
outcomes. We say that measurements are compatible if the outcome statistics obtained after many

runs of an experiment are not disturbed by each other.
Definition 4 (Context). A context is a set of compatible measurements.

Having all the necessary notions at hand, we can now define the contextuality scenario within the
framework of generalized probabilistic theories to be a triple of sets: a set of measurements that can
be performed on a physical system, a set of outcomes of these measurements and a set of contexts.

In order to set up a notation, let {Aj,...,A,} be a set of measurements that can be performed
on a system, all of them having a finite number of outcomes, and let C; be subsets of that set,
Ci C {Ay,...,A,}, that define contexts. Now, for a given context C = {A;,...,A;, } withij <ix <... <=
1,...,m with m <n, we can perform measurements and with the respective frequencies, approximate the
corresponding probability distribution. After many runs of the experiment, one may obtain satisfac-
tory approximation for probability distributions p(dc \A'c) of obtaining outcomes q;,...,q; = dc after
performing the measurements A; ,...,A; := Ac. With this probability distribution, for each context C

we can calculate the expectation value defined as:

<A,'1...A,'k>c = Za,-l...a,-k p(ail,...,al-k |Ai1 y ...,A,‘k). (11)

ai

The contextuality experiment is then described by a collection of probability distributions {p(dc,|Ac,)}

corresponding to all contexts C;. In what follows we denote this collection by
p= U{p(aC,’XC,)} (12)
i

and call it simply correlations or behavior.

Let us now illustrate the above definition with two paradigmatic scenarios often considered in the
literature, which are the Clauser-Horne-Shimony-Holt (CHSH) scenario [9] and the Klyachko-Can-
Binicioglu-Shumowski (KCBS) scenario [10]. Fig. 1.1 presents the compatibility graphs corresponding
to each of the scenarios in which vertices represent measurements whereas edges represent compatitibil-
ity relations between measurements, in the sense that two measurements are compatible if and only if

they are connected by an edge.
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Figure 1.1: Compatibility graphs of the CHSH (left) and KCBS (right) scenarios. The vertices rep-
resent the measurements, whereas the edges indicate compatibility relations between them: two mea-
surements are compatible if they are connected by an edge. In both scenarios, all the measurements
have two outcomes.

The CHSH scenario comprises four measurements that we denote by Ag,A1,By,B;. Each of them
have two outcomes, labeled by +1. The contexts in this scenario are the four pairs of measurements
{A;,B;} with i,j € {0,1}. The KCBS scenario consists of a set of five measurements that we denote
by Ag,A1,A2,A3,A4; all of them have two outcomes, which we also label as +1. In this scenario the
contexts are the pairs of measurements {A;,A;+1} with i =0,...,4 where this sum is modulo 5.

In the CHSH scenario there are 16 probabilities, denoted by p(a,b|A;,Bj), that describe the exper-
iment, so the probability space belongs to R'®. For any pair i, j = 0,1, these joint probabilities respect
the normalization condition: ¥, , p(a,b|A;,B;) = 1.

Analogously, in the KCBS scenario the probability space is a bounded subset of R? since there are
20 probabilities forming the behavior, i.e., p(a;,a;y1|Ai,Aiv1). These satisfy ¥y, 4., P(ai,aiv1]AiAiv1) =1

for every i=1,...,5.

1.1.1 A notion of classicality based on a noncontextual hidden variable model

To start the discussion about classicality, let us suppose that we want to model an ideal gas consisting
of a number of particles of the order of 10?>. A possible way to do this is to directly employ the
Newton’s laws, but this would require solving 102 differential equations of the second order to calculate
the position and velocity of all these particles which is an unfeasible task for the existing computing
devices. Instead, we can focus on statistical properties only, which are often sufficient to solve practical
problems. In this case, the statistical description is due to a lack of knowledge of the behavior of all
these 1023 particles.

The question of how probabilities emerge in the mathematical descriptions of physical systems is
a key point here. In classical statistical physics, for instance, probabilities arise as a description of a
physical system due to the lack of complete knowledge of it. However, it is assumed, that there exist
some extra variables (positions and velocities of all particles), that are discarded when measuring the
pressure or the temperature. As we will see here, quantum theory is something more in the sense that

there might not exist any physical “real” variables underlying the observed probability distributions.
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With this motivation, we introduce the mathematical definition of a non-contextual hidden variable

model:

Definition 5 (Non-contextual hidden variable model). Given a contezstuality scenario, we say that
the distributions of probabilities admit a non-contextual hidden wvariable model if for every context

C={A,..., A}, the corresponding joint probabilities can be written as
aC’AC Zp all ‘Aln}L) (alk‘Alk’ ) (1'3)

where A belongs to a set of extra-variables, traditionally referred to as hidden variables and p(a;lA;, 1)

are probability distributions corresponding to single measurements.

Thanks to the Abramsky-Brandeburguer (AB) theorem [28], to characterize the correlations that
admit non-contextual hidden variable models is enough to take the convex-hull of all models for which
all probability distributions p(a;|A;,A) are deterministic; in fact, the set of correlations admitting the
NCHV models is a polytope. The AB theorem is a generalization of the famous Fine theorem [29]
which was proved in the context of Bell nonlocality. Consequently, to evaluate the maximum of a
linear expression in the elements of p it is enough to restrict the optimization to only the finite set of
deterministic strategies. We will illustrate this concept with two examples of linear expressions, one
defined within the CHSH scenario and one within the KCBS scenario.

The first example of a linear expression, related to the CHSH scenario, reads
ICHSH = <AoBQ> + <AoBl> + <AlB()> — <A131> < Nc = 2, (14)

and gives rise to the famous CHSH Bell inequality [9]. By n¢ we denoted the maximal value of Icgysy
over the NCHV models (1.3). In order to determine the latter it is enough to observe that for the
deterministic NCHV models, for which (A;B;) = (A;)(B;) and (A;),(B;) = £1 for all i, j, , the value of
Icysy, which is a linear expression, can be only +2. To see that explicitly, let us observe that for the
algebraic expression ag(bo+b1) +ai(bo —bi1), where a;,b; € {£1}, we have two possibilities to take into
account, by = by or by # b;. In both cases the remaining expression will be +2a;, and therefore the
maximal value of Icgysy is 2.

In the case of KCBS scenario [10] we consider the expression
Ixcps = <AOA1> + <A1A2> + <A2A3> + <A3A4> — <A4A0> <Nc= 3. (1.5)

To show that the maximal value of Ixcps over the NCHV models is ¢ = 3, we can again restrict
our attention to the deterministic strategies. One would naively expect this maximal value to be 5
however, this is impossible since the term —(A4A4¢) would have to be equal to —1 and the other terms
to be 1. This is of course impossible to achieve by simply replacing averages (A;A;+1) with aja;i,
where g; € {—1,1}. If we try to attain 4 we face the same problem. However, 3 can be attained if we
choose all the measurements to have the same outcome.

Another important concept to introduce here is the non-disturbance condition. If a subset of
measurements belongs to two different contexts, the marginals for this subset of measurements obtained
from the probability distributions corresponding to these contexts must coincide. To clarify the non-

disturbance condition let us take an example. In the CHSH scenario the measurement Ay belongs to
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two different contexts. Suppose then that we want to calculate the probability of the outcome 1. For
this measurement we can choose two contexts, one with the measurement By or the other with Bj.

Then, the following condition must be satisfied:

P(1|Ao)=§,P(1,b|Ao7Bo)=§P(17b|A0731)- (1.6)
In the case of composite systems, the non-disturbance condition corresponds to the non-signaling
condition, which we will discuss later in Sec. 1.4.

As in Eq. (1.6), the non-disturbance condition can be expressed by a finite set of linear equations
for the elements of p, and so correlations satisfying this condition also form a polytope, obtained
by intersecting the polytope of arbitrary probability distributions by a finite set of the hyperplanes
representing the above linear constraints. Every behavior p that admits the NCHV model satisfies the
non-disturbance condition. Thus, the classical set of probabilities is a polytope that belongs to the
non-disturbance polytope.

We say that a probabilistic theory is contextual if this theory gives rise to correlations p that
cannot be described by a non-contextual hidden variable model. A way to show that a probabilistic
theory is contextual is to provide an example of a p that violates some noncontextuality inequality
such as for instance the CHSH or the KCBS ones discussed above. As we will see in Sec. 1.3, quantum

theory is an example of a contextual theory.

1.2 Quantum theory

A very special example of a probabilistic theory is quantum theory. In this section, we present the rules
that define this theory and that are important in this thesis. These rules describe how the probabilities
are calculated when modelling a quantum system composed of a state and measurements. In order to
do this we first need to introduce some basic mathematical concepts. The mathematical background
of quantum theory is functional analysis and the first definition we introduce here is that of a Hilbert

space:

Definition 6 (complex Hilbert space). A Hilbert space is a complex vector space F which is equipped

with an inner product and is complete in the norm induced by this inner product.

The Reader is referred to as Ref. [30] for a more in-depth discussion about Hilbert spaces. In this
thesis, we focus on measurements that have a finite number of outcomes and Hilbert spaces with finite
dimensions are enough to describe the quantum systems. A simple example of a finite-dimensional
Hilbert space is C? which consists of d-dimensional complex vectors and is equipped with the canonical
inner product. As any Hilbert space of dimension d is actually isomorphic to C?, in this thesis we
simply assume that our playground is J# = C¢.

Having introduced the notion of Hilbert spaces, we can now define the mathematical objects rep-
resenting quantum states and measurements. Quantum states are represented by density operators
acting on the corresponding Hilbert space and quantum measurements are represented by sets of
positive semi-definite operators or, equivalently, Hermitian operators in the case of projective mea-

surements. Let us now define the above notions in a more formal way.
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Definition 7 (Density Operator). A density operator p : & — A is a positive semi-definite operator

with Tr(p) = 1. A density operator represents a state of a quantum system.

The set of density operators is convex since any convex combination of two density operators is

positive semi-definite too and has trace one, therefore it is a density operator.
Definition 8 (Pure states). Pure states are extremal elements of the set of the density operators.

The extremal elements are those that cannot be written as a convex combination of two other
different density operators, so they are rank-one projectors. In other words, pure states correspond
to density matrices that can be written as p = |y)(y|, where |y) is an normalized vector from the
corresponding Hilbert space 5. Thus, up to a phase factor, pure states are represented by normalized
elements |y) from the Hilbert space .77

The simplest non-trivial quantum systems of interest are qubits. These are represented by density

operators acting on a two-dimensional Hilbert space . = C? which can be expressed as:
1
p= §(H+axX+ayY+aZZ), (1.7)

where the vector @ = (ay,ay,a;) € R* and ||@|| < 1, I is the identity operator on J#, and X,Y and Z are

(o 1) (o —i) (1 0)
X = , Y= . Z= : (1.8)
1 0 i 0 0 —1

Thus, every density operator on C? can be represented by a three-dimensional real vector @ with

the Pauli matrices:

norm ||d|| < 1. Within this representation, the case of ||d@|| =1 corresponds to pure states, and, that of
|@|| <1 to mixed states; in particular, for @ =0 one obtains the maximally mixed state p = 11.

Let us denote by |0) and |1) the normalized eigenvectors of the Pauli matrix Z corresponding to
the eigenvalues 1 and —1, respectively. These vectors define an orthonormal basis for the Hilbert space

¢ = C?, meaning that any normalized element of this Hilbert space can be written as

lw) = a|0) +B|1), (1.9)

where a, 8 € C and |a|*+|B|> = 1. Analogously, we denote by |+) and |—) the normalized eigenvectors,
with respective eigenvalues 1 and —1, of the Pauli matrix X, and observe that they form another
orthonormal basis in .# = C2.

For further purposes let us notice that for qudit systems, the Pauli matrices X and Z can be

generalized as follows:
d—1 d—1
z=Y o'}k, Xx=Y lk+1)K|, (1.10)
k=0 k=0

where the index k is modulo d and @ = exp (27wi/d) is the d-th root of unity.
Ley us now move to the mathematical description of a quantum measurement and introduce the

definition of positive operator valued measure (POVM) which is the most general description of it.

Definition 9 (POMV). A measurement in quantum theory is represented by positive operators valued
measure (POVM). A measurement A with d outcomes labeled by the set {0,1,...,d — 1} is represented
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by a set of respective d positive semi-definite operators Py, Py,...,Py_1 acting on € such that
P+...+P =1, (1.11)

where 1 is the identity operator acting on F.

Definition 10 (Projective measurements). Projective measurements are measurements where the posi-

tive operators Pi,...,P; are pairwise orthogonal projectors, that is, PP; = &;P; (i,j=0,1,...,d —1).

Let us illustrate the above notion with a simple example of a two-outcome projective measurement
given by a two-element set {Py, P, }, where Py = |0)(0| and P; = |1)(1|; the outcomes of this measurement
are labelled ap =1 and a; = —1. First, one observes that these projectors satisfy the condition (1.11),
that is,

Po+ Py = |0)0]+|1)1| =1 (1.12)

and that they are orthogonal. Another representation of a projective measurement, equivalent to
the above one, is in terms of a quantum observable. Precisely, to a set of mutually orthogonal
projections {P;} one can associate a Hermitian operator A =Y ;iP; whose eigenvalues are the outcomes
of the respective measurement. One calls such a Hermitian operator quantum observable; its spectral
decomposition contains all the information about the projectors. For instance, for the above exemplary

two-outcome measurement can be represented by the following observable
A =+1[0)0] — 1|1)(1], (1.13)

which is basically the Z Pauli matrix. As we will see later, the representation of projective quantum
measurements in terms of observables turns out to be very useful to when computing expectation
values.

The maximal information that can be obtained about a quantum system are probabilities of ob-
taining outcomes of measurements performed on it. Given the mathematical descriptions of quantum
states and measurements, we now are able to describe how probabilities are expressed in quantum

theory. This is done via the Born’s rule defined as:

Definition 11 (Born’s rule). The probability of the outcome a; when the projective measurement A is
performed in the state p is given by
plailA) = Tr(pP). (1.14)

Moreover, the post-measurement state corresponding to the outcome a; is given by

FipP,

T PoE) (1.15)

Suppose now we perform the projective measurement represented by the observable A in Eq. (1.13)

on a state |y) = a|0) + B|1). The probabilities of obtaining the outcomes 1 and —1 are given by:

p(1]A) = Tr(|w)(y(|0)0]) = [{y]0)]* = |a], (1.16)
p(=1]A4) = Tr(|w)(wl[1)(1]) = KwI1)]* = B (1.17)

Notice that the normalization condition is satisfied because p(1|A) + p(—1]|A) = |a|>+|B|> = 1. In this
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case the orthonormal basis used to express the state |y) is exactly the eigenbasis of the observable
and this is why the probabilities are exactly |a|> and [B|>. The expectation value of A on the state
|y) is given by

Ay = +1p(1|A, ) — 1p(=1]A, y) = Tr(|jw ) y|A) = (y|A|y). (1.18)

This simple example demonstrates the utility of the notion of quantum observables in computing the
mean values.

Now, let us notice that if the same measurement is performed twice in a sequence, the probability
of obtaining the same outcome is one, so the measurements in quantum theory respect a condition of
repeatability. For instance, suppose that after the measurement A was performed on |y), we obtained

the outcome +1. According to Eq. (1.15) the state after the measurement is given by

|O><O‘Tgc<|‘2//|o><0‘ = |0)(0]. (1.19)

Now, if the measurement A is performed again on the above state, the experimenter will observer
the same outcome with probability 1. The same happens if the first measurement yields the outcome
—1. At this point we are ready to introduce the notion of compatibility of measurements in quantum

theory.

Definition 12 (Compatible quantum measurements). We then say that a pair of projective measure-

ments represented by the observables A; and Aj are compatible if, and only if, [A;,Aj] = 0.

The above definition extends directly to the case of more measurements: a set of measurements
Ay,...,A, is compatible iff any pair of measurements from that set commute. Now, given a set of
pairwise compatible projective quantum measurements Aj,...,A,, we can calculate the expectation

value for this set of measurements (which can be performed jointly or in sequence) by:
(A1..An)p =Tr(pA1..A,). (1.20)

It is worth to comment here that the expression (1.20) does not hold true if the measurements
are not compatible. The mean values for non-compatible measurements performed in sequence should
take into account the post-measurement state as described in the Born’s rule (11) and the expression
for the mean value turns out to be different. In the case of two measurements performed in sequence,

first A; and then A;, the mean value is:

(A1As)y — %Tr(p{Al,Az}). (1.21)

Given the set of rules about how to describe quantum states, quantum measurements, relations
of compatibility between measurements and the Bors’s rule, we can now move on to showing that

quantum theory is a contextual theory.

1.3 Quantum theory as a contextual theory

In what follows we will present two different approaches to prove that quantum theory is contextual.

First, in Sec. 1.3.1, we provide an example of a state in a three-dimensional Hilbert space and a set

10
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of measurements that violate the KCBS inequality stated in Eq. (1.5); this is the simplest example
known in the literature. Then, in Sec. 1.3.2 we show that there are sets of quantum measurements that
do not simultaneously admit deterministic assignments of outcomes; this property is usually referred
to as state-independent quantum contextuality because it concerns only sets of measurements, not

quantum states.

1.3.1 State-dependent quantum contextuality

For convenience, let us state here again the KCBS inequality together with the corresponding classical

bound derived already in Sec. 1.3.1,
Ixcas := (AoA1) + (A1A2) + (A2A3) + (A3A4) — (AsAg) < N =3. (1.22)
Let us then consider the following one-qutrit state
W) =10) = (1,0,0)" (1.23)

as well as five observables defined as
Ai:2|v,~><vi|—]l, (124)

where |v;) are three-dimensional real vectors given by
|v;) = (cos @,sin @ sin¢;,sin O cos ;) (1.25)

where 6 is defined as cos® = /1/(1+2a) with

1 T
= 5 sec (§> (1.26)
and
2 .

It is not difficult to verify that (vi|vi11) =0 for i =0,...,4 and therefore the pairs of observables A;
and A;y) commute, that is, [A;,A;+1] = 0. In this way, we certify that this quantum realization actually
fits the compatibility structure of the KCBS scenario as described in the Sec. 1.1 and pictured in
Fig. 1.1. Fig. 1.2 illustrates this quantum realization geometrically. After calculating the expectation

values for the compatible pairs of measurements, it can be checked that

3cos(m/5)—1_ .,

Ixcps = <AOA1> + <A1A2> + <A2A3> + <A3A4> — <A4A0> = 1 +COS(7’C/5) 523,9. (1.28)

We thus conclude that the above three-dimensional quantum realization violates the noncontextuality
inequality (1.5). In this sense quantum theory is contextual.

It is important to notice that the value of Ixcps in Eq. (1.28) is the maximal one that Ixcps can
achieve in quantum theory [10]. Apart from this, the above quantum realization is unique up to
an arbitrary unitary transformation. This fact motivates exploiting quantum contextuality for the
purpose of certification of quantum states and measurements and actually underlies the concept of

contextuality-based self-testing of quantum systems we exploit in this thesis (see Sec. 1.6 for a rigorous

11
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Figure 1.2: Geometrical representation of a quantum realization that violates maximally the KCBS
inequality. The blue vector represents the quantum state (1.23) whereas the black vectors represent
the vectors (1.25) defining the five measurements.

definition of self-testing).

In the previous sections, we explained that the sets of classical probabilities as well as those
respecting the non-disturbance condition, are both polytopes in the space of correlations. Let us
now comment on the set of quantum correlations, i.e., correlations that are obtained by performing
quantum measurements on quantum states, and also also discuss its relation to the previous two sets
(see Fig. 1.3).

The first thing to take into account is that the set of probabilities that are described by quantum
theory is convex, given that we do not impose any constraints on the dimension of the underlying
Hilbert space, i.e., any convex combination of probability distributions achievable within quantum
theory gives rise to another quantum realization [31], which, however, might be defined in a higher-
dimensional Hilbert space. The second point here is that while any probability distribution admitting
the NCHV model (1.3) can be reproduced by quantum theory with a convenient choice of compatible
measurements and a quantum state, the quantum set contains behaviors p such as for instance the
one presented above that cannot be reproduced by the NCHV models. So the classical polytope
is a proper subset of the convex quantum set. At the same time, it is not difficult to verify that
quantum correlations respect the non-disturbance condition, and hence the quantum set belongs to
the non-disturbance polytope.

Let us finally notice that both the CHSH and the KCBS inequalities are particular examples
belonging to a family of noncontextual inequalities, usually referred to as n-cycle inequalities (n > 4),
which are of the following form

n—1
Dicyete '= ZO WAidipr) <N =n-2, (1.29)
.

where 7 € {—1,1} and the number of negative coefficients ¥ is odd. Notice that the graphs of com-

12
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Figure 1.3: Pictorial representation of the set of probabilities. The classical polytope % is contained
in the convex quantum set 2 which in turn is contained in the non-disturbance polytope .4 %. The
red straight lines represent the noncontextuality inequalities characterizing the classical polytope in
the set of probabilities.

patibility for the CHSH and the KCBS scenarios presented in Fig. 1.1 are n-cycles for n =4 and n =15,
respectively. In this most general scenario, the contexts are given by the pairs of measurements A; and
Ait1, 1.e., [A;,Air1] = 0 with the sum modulo n and all the measurements have two outcomes 1. The

quantum bound for this inequality is known to be [32]

3ncos(m/n) —n
ng =14 1+cos(w/n)
ncos(m/n), if n is even

, if nis odd
(1.30)

The quantum bound for odd # is attained in a three-dimensional Hilbert space and the correspond-
ing set of measurements has a quite similar geometric structure to the set of measurements that gives
rise to the maximal violation of the KCBS inequality. On the other hand, for even n, the quantum
realization attaining 7g lives in a four-dimensional Hilbert space. The Reader is referred to [32] for
more details about the n-cycle inequalities.

As for the CHSH Bell inequality, we provide a quatum realization maximally violating it later in
Sec. 1.5, where we also introduce composite quantum systems and discuss that nonlocality is a special

case of quantum contextuality.

1.3.2 State-independent quantum contextuality

In this subsection we show further interesting examples of quantum contextuality, which are indepen-
dent of quantum states. One of the most peculiar features about quantum contextuality is that there

are special sets of measurements that cannot be jointly assigned to deterministic outcomes. One of the

13
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most intriguing interpretations of this feature is that the measurement does not reveal a pre-defined
outcome that is independent of any other compatible measurement performed on a quantum system.

The first example in the literature that shows the existence of state-independent quantum contex-
tuality is due Kochen and Specker [7]. The theorem proven by these authors is a “no-go” theorem. In
this proof they exhibited a set of 117 rank-one projectors acting on .7 = C? that obey certain orthog-
onality relations, and showed that it is impossible to simultaneously assign deterministic outcomes to
all of the associated measurements. Other such proofs with less rank-one projections or measurements
can be found in Refs. [33]-[34]-[35]-[36].

Another example is the Peres-Mermin square [37]-[38] which is one of the simplest proofs of state-
independent quantum contextuality. It consists of nine measurements, which we denote here by M;;
with i,j € {1,2,3}, all of them have two outcomes, labelled by 1 and —1. The measurements are
organized into a 3 x 3 square in such a way that the measurements belonging to its rows and columns

form six contexts [see Fig. 1.4]. Finally, the measurements are assumed to satisfy a set of conditions:

MaMoMp =1 (i=1,2,3), (1.31)
MMMy =1 (i=1,2) (1.32)

and
Mi3MrzM33 = —1L. (133)

In other words, the product of the observables forming each context is the identity except for the last
column for which it is —I. It turns out that the simplest quantum realization of the measurements

M;; satisfying all the above requirements is given by

My = X®I, Mp=I®X, M3 =X®X,
My = 1I®Z, My =Z®1, My =72&Z,
My = X®Z, My =7Z&X, Mz =Y RY, (134)

where X,Y and Z are the qubit Pauli matrices. At the same time it is impossible to find nine classical
variables taking values +1 that would satisfy the above constraints, which proves quantum theory to

be a contextual theory.

1.4 Quantum theory as a nonlocal theory

This part is dedicated to composite systems, which are systems composed of many systems (referred
to as subsystems) that are spatially separated. We will explain here the notions of a Bell scenario and
Bell nonlocality which can be seen as a particular case of contextuality for composite systems in which
compatibility of measurements is guaranteed by spatial separation. In fact, historically, the concept
of Bell non-locality was developed first [2] and only later generalized to quantum contextuality [7].
We begin by illustrating the Bell scenario in the simplest possible case. To this end, we consider a
system, be it classical, quantum or even one falling in the framework of GPTs, which is composed of two

spatially separated subsystems that are distributed among two parties, named Alice and Bob. Let us

14
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Figure 1.4: The Peres-Mermin square. In this graph, the vertices represent the measurements M;;
and the lines the contexts. The product of the Hermitian operators associated to the same line always
equals I, except for the third vertical line, for which it is —I. This leads to a contradiction when trying
to simultaneously assign a classical deterministic strategy to the outcomes of all the nine measurements
and it is one of the simplest proofs of state-independent quantum contextuality.

then assume that both parties can freely choose to perform one of two measurements on their systems;
Alice’s and Bob’s measurements are denoted A; and Bj, respectively. Each of these four measurements
has two outcomes and we label them by +1. Fig. 1.5 depicts this bipartite Bell scenario.

As already outlined in Sec. 1.1, the correlations generated in this experiment are described by a
collection of probability distributions p = {p(a,b|A;,B;)}, where a and b stand for the outcomes of Alice
and Bob, respectively. For composite systems a non-contextual hidden variable model introduced in
Sec. 1.1 in which compatibility of measurements is guaranteed by spacial separation is referred to as
a local hidden variable model. The non-disturbance condition within the framework of Bell scenario
is then referred to as the non-signalling condition which says that information cannot be transmitted
between separated systems at arbitrary speed.

Since there is a spatial separation between Alice’s and Bob’s laboratories, they can perform the
local measurements instantaneously in a such way that there is no way of classical communication
between them as represented in Fig. 1.6; in other words, one event in the space-time does not belong
to the light cone of the other event. Hence, we can consider the measurements performed in different
locations as compatible.

Let us now show that quantum theory is nonlocal in the sense that it gives rise to correlations p
which violate Bell inequalities. Before doing that we need, however, to introduce the description of
composite system within the framework of quantum theory, concentrating on the simplest bipartite
systems; it is direct to generalize what follows to systems consisting of an arbitrary number of com-
ponents. For this purpose, we consider two systems A and B which are described by Hilbert spaces

J6 and 5. Then, the joint system is represented by a Hilbert space which is a tensor product of the

15



CHAPTER 1. INTRODUCTION

Figure 1.5: Representation of a bipartite Bell scenario. This scenario comprises a state . which is
shared between two labs. In each lab Alice and Bob can perform instantaneously the measurements
Aj and B; respectively, where 7, j € {0,1}. Each measurement have 2 outcomes, labelled by a,b where
a,b € {—1,1}. After many runs of a experiment, the probabilities p(a,b|A;,Bj) can be calculated as
well the expectation values (A;B;).

Time

Space

Figure 1.6: This figure represents the light’s cone of the events associated to the local measurements of
Alice and Bob on a quantum state shared by them. Let us observe that one event does not belong to
the light’s cone of another one. In the inertial referential showed, both events happen simultaneously
and thus there is no way that one event influences the outcome of the other event. This means that
the measurements performed by Alice and Bob can be considered compatible.
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local ones,
T = Ty R Hp. (1.35)

Recall that a tensor product of Hilbert spaces 7% is also a Hilbert space defined as a linear span of all
vectors belonging to both 473 and /73, and its dimension is simply a product of the dimensions of the
local spaces, i.e., dim 5 = dim 7% - dim J¢3.

In particular, to construct a basis of J# it is enough to take a tensor product of bases of the
local Hilbert spaces. To illustrate this with an example, let us consider the case where dim(J%;) =
dim(.#%) =2 and let us take the local orthonormal bases to be simply the computational ones: J#; =
span{|0)4,|1)a} and S = span{|0)p,|1)p}. Then,

A = span{[0)4 ®0)g,|0)a @ |1)p,|[1)a@[0)p,[1)a @ [1)5}. (1.36)

In what follows, for simplicity, we denote the tensor product by |i)4 ® |j)p = |ij). Interestingly, the
structure of the joint Hilbert space . is much richer than can be naively inferred from its definition
because apart from the simple vectors given in Eq. (1.36), it contains also pure states which cannot
be expressed as a tensor product of pure states belonging to the local Hilbert spaces. Such states are
called entangled [cf. Sec. 1.5] and a celebrated example of such a state is one that has found numerous
applications within the field of quantum information, for instance, in quantum quantum teleportation
[39] or quantum cryptography [15], and is typically refereed to as the maximally entangled state of

two-qubits:
~|00) +11)

A

Let us finally discuss the measurements. Suppose that on their local systems one of the parties, say

1% (1.37)

Alice, performs a measurement represented by an observable A. Then, the associated operator acting
on the joint system is A®I. In a analogous way one represents the measurements of Bob. If, moreover,
Alice and Bob perform these measurements simultaneously, the associated Hermitian operator is A ® B.
Given the description of the state and measurements, the Born’s rule (11) to calculate the probabilities
and the state after the measurements follow straightforwardly.

We are now ready to show that quantum theory is nonlocal. With this purpose, we focus our
attention to the CHSH Bell inequality (1.4) and assume that Alice and Bob now share the two-qubit

maximally entangled state (1.37) and measure on their local systems the following observables:

X+Z
Ap=X, By=——+—, 1.38
0 0="7 (1.38)

X-Z
A =27, B =——+. (1.39)

V2
After some calculations one finds that the value for the CHSH expression amounts to

Icysy = <A()B()> + <A()Bl> + <AlBo> — <A131> = 2\/5, (1.40)

which clearly exceeds the maximal value of Icysy over NCHV models which is 2. Importantly, the value
2v/2 in (1.40) is the maximal one that I can reach within quantum theory [40], [41], and, moreover,
the quantum state (1.37) and measurements (1.38) giving rise to this maximal value are unique up

to certain well-known equivalences. This fact lies at the heart of self-testing schemes, which are used
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for certification of quantum systems based on the observed nonclassical correlations [17] (see also Sec.
1.6). In Chapter 4 we provide a general construction of Bell inequalities that are maximally violated
by multipartite graph states of arbitrary prime local dimension and show that in the particular case
of qutrit systems, the obtained Bell inequalities can be used for self-testing.

It is worth commenting here that extensions of this scenario to situations involving more observers,
measurements, or outcomes can be done naturally, and there are many results in the literature studying

such generalizations [42]-[46].

1.5 Entanglement

Entanglement is a crucial concept in quantum theory. It contains a basic notion of nonclassicality for
composite systems and it is also a key feature of quantum theory enabling Bell nonlocality. First, we

introduce a formal definition of a separable and entangled states:

Definition 13 (Bipartite separable and entangled states). A pure bipartite state |Wag) € H#4 @ A is
separable if it can be written as a tensor product of pure states describing each subsystem, that is,

|wag) = |wa) ®@|wg). On the other hand, |wap) is called entangled if it is not separable.

In order to continue the discussion about entanglement, let us consider a simple example of a pure

entangled state composed of two qubits:
ly) = a|00) + B[11), (1.41)

where o, are complex numbers such that |a|>+ |B|> =1 and @, # 0. Notice that the entangled

state (1.37) that maximally violates a Bell inequality is a particular case when a = f8 = %

Any pure two-qubit state which is separable can be written as:

|01) @|2) = a102|00) + 01 B2]01) + Br 02| 10) + B1 2] 11), (1.42)

where |@1) = 1]0) + B1|1) and |¢,) = 02|0) + B2|1) are local normalized vectors. After comparing Egs.
(1.41) and (1.42), one sees that

W) = @|00) + B[11) # |¢1) ©[92) (1.43)

because the equations o, = B1op =0, oo, = @ and BB, = B cannot be simultaneously satisfied for
o, B #0. Trivial examples of separable states are for instance the elements of the product basis which
spans the the two-qubit Hilbert space C?>® C?, i.e., {|00),|01),|10),|11)}. On the other hand, the four

states defined below,

_]00) £ |11)
_7\& ,

which are usually called the Bell states, are all entangled, and also span C?>® C?. The Bell states, are

19+) = oL £119) ’10>, (1.44)

‘Wi> \ﬁ

examples of the maximally entangled states of two qubits. On the other hand, for all values of & and
B such that |o| # |B| and o, B # 0 the state (1.41) is non-maximally entangled.
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Some interesting behaviors happen in composite systems when the shared state is pure and entan-
gled. In order to support this statement let us assume that a Bell state is shared between Alice and
Bob. If Alice performs the local measurement associated with the Pauli matrix Z, after collecting the
result of the outcome, she knows the updated state and, consequently, she knows instantaneously the
outcome of the measurement Z performed locally by Bob independently of the distance between them.
At first sight, we could think that this would violate the basic principle in nature that information
can be transmitted only with finite speed, however, Alice does not have control of any information
that could be sent to Bob. It is like the famous “spooky action at a distance” pointed out in the EPR
paradox [1]. The properties of quantum theory like this one are at the heart of quantum information
protocols such as quantum teleportation [39], [47], [48], entanglement distillation [49], [50], quantum
cryptography [51] and quantum computing [52], [53].

Let us also briefly discuss the notion of multipartite entanglement, which corresponds to a situation
in which a quantum system at hand consists of more than two subsystems. Analogously to the bipartite
case, a multipartite pure state is called entangled if it cannot be written as a tensor product of pure
state describing individual subsystems. An example of a multipartite entangled state is the N-qubit

Greenberger-Horne—Zeilinger (GHZ) state:

L
V2

where is an arbitrary integer such that N > 2. Following the same reasoning as above, it is not difficult

GHZy) = —=(|0)*" + 1)), (1.45)

to show that this state cannot be written as a tensor product of local states, so it is entangled.

While in the case of the pure states we discussed here, i.e. (1.41) and (1.45), it was not difficult to
show that they are entangled, the problem of deciding whether an arbitrary mixed quantum state is
entangled or not is a highly non-trivial task; in fact, as shown in Ref. [54], this is an NP-hard problem.
It is worth mentioning here that nevertheless there exist methods to detect entanglement of quantum
states such as the one based on partial transposition [55] (see also the review [56] for other methods
of entanglement detection).

A point we have to comment on here also is the relation of entanglement with Bell nonlocality. If
a state is separable, it will not violate any Bell inequality, so entanglement is a necessary resource for
nonlocality. In fact, any state that exhibits nonlocality in the sense that it violates some Bell inequality
is entangled. However, the opposite implication is in the general mixed-state case not true as there
exist entangled states which do not violate Bell inequalities [57]. Moreover, if the local measurements
at Alice’s or Bob’s sides commute, it is again impossible to violate a Bell inequality; in particular, in
the case of the CHSH Bell inequality, one can verify that the local measurements given in Eq. (1.38)
do not commute. Let us finally mention that as proven in a series of papers [40], [41], [58], [59] the
maximal quantum violation of the CHSH inequality can be achieved if, and only if the underlying
state and measurements are equivalent, under certain well-defined equivalences, to the maximally
entangled state of two qubits (1.37) and the particular Pauli measurements specified in Eqgs. (1.38)
and (1.39). This form of uniqueness of the quantum realization giving rise to the maximal violation
of Bell inequalities is the key fact behind the notion of self-testing (see Sec. 1.6 for a definition) which

is a central concept in this thesis.
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1.5.1 Graph states

Let us now introduce the definition of graph states of arbitrary prime local dimension [60]-[61]. This
is a particular class of multipartite entangled quantum states that has found numerous applications in
quantum information processing. For instance, the cluster states, which are a particular instance of
graph states, are a key resource for a scheme of one one-way quantum computing [52]-[53]. Then, some
constructions for quantum error-correction codes are based on them [60]-[62] and they find applications
in quantum cryptography [63]. Finally, graph states exhibit non-local properties [64] and can be self-
tested [65]-[22]. Apart from that, graph states have a very convenient mathematical representation
which is helpful in designing certification methods for them. For both these reasons graph states are
studied in this thesis.

Consider a weighted graph ¢ = (¥, %,d), where ¥ :={1,...,N} is the set of vertices and Z := {r;;}
is the set of integer numbers from the set {0,...,d — 1} specifying the weights of the edges between
the vertices i, j € 7'; in the particular case of r;; = 0 there is no edge connecting vertices i and j. We
additionally assume that r; = 0 for each i, that is, there are no loops in the graph and that r;; = rj;,
i.e., the edges are symmetric between themselves. Throughout this thesis we assume d to be prime
and the graph to be connected meaning that there exists a path between every pair of vertices.

Let us now show how to use graphs to construct pure quantum states. To this aim, we assume that
each vertex of & corresponds to a single d-dimensional subsystem of an N-partite quantum system,
where as already stated d is a prime number such that d > 2. To each vertex i € ¥ of the graph we

then associate a stabilizing operator defined as,

Gi=X,2QZ}, (1.46)
J#
where X,Z are the generalizations of the qubit Pauli matrices to the d-dimensional Hilbert spaces
defined in Eq. (1.10), and r;; are powers of the Z operator. Then, the graph state corresponding to
the graph ¢ is defined in the following way:

Definition 14. We define the qudit graph state |G) associated to the weighted graph 4 = (V' ,&,d) to be

the unique normalized vector from (C)®N stabilized by the corresponding operators G; (1.46), that is,
Vi=1,...,N Gi|G) = |G). (1.47)

In other words, |G) is the unique common eigenstate of all operators G; corresponding to the eigenvalue
+1.

It is worth noting that the stabilizing operators (1.46) mutually commute and the Abelian group
generated by them, being a subgroup of the N-qudit Pauli group, is called a stabilizer. In fact,
the above definition of graph states falls within the stabilizer formalism which is known for its use
in quantum error correction [66]. The latter is a very convenient way of representing multipartite
entangled quantum states or even entangled subspaces and thus is another central concept in this
thesis.

In the qubit case, when d = 2, the weights r;; take only two values, zero or one, corresponding to
the absence or presence of an edge between vertices i and j. Thus, for simplicity, we denote the graph

by &4 = (¥,&), where, & is the set of edges connecting vertices. In this case, we also denote by .4 (i)
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Figure 1.7: The simplest connected graph giving rise to bipartite maximally entangled states such as
the one in Eq. (1.37).

the neighborhood of the vertex i, i.e., the subset of vertices which are connected to the vertex i by an

edge and the definition of the stabilizing operators is given by

Gi=X® Q Z, (1.48)
je (i)

where X, Z are the qubit Pauli matrices and the definition of the qubit graph states is just a particular
case of Def. 14.

Let us now introduce a few examples of graph states in the simplest case of d =2. The simplest
graph is the one that consists of two connected vertices [cf. Fig. 1.7]. The stabilizing operators

associated to this graph are given by:
GI=X®Z, G, =7ZRX. (1.49)

Let us now use this example to exhibit the self-consistence of the definition of graph states through
the stabilizer formalism. We will show that there exist a unique eigenvector with eigenvalue 1 of both
stabilizing operators in Eq. (1.49). Each of them is a Hermitian operator with eigenvalues +1, where
each eigenvalue is doubly-degenerate. The eigenspaces of G; and G, corresponding to the eigenvalue
1 are, respectively, span{|+0),|—1)} and span{|0+),|1—)}. The intersection of these two subspaces
is one-dimensional subspace spanned by (1/v/2)(|+0) 4| —1)). So, the unique (up to a global phase)
common eigenstate with eigenvalue 1 of both stabilizing operators is |Gy) = (1/v2)(| +0) +|— 1)),
which is equivalent to the maximally entangled state of two qubits up to a local unitary.

The other two examples of connected graphs with three vertices are depicted in Fig. 1.8. The
graph on the left side is complete, i.e., every pair of vertices in it is connected by an edge. The unique

three-qubit state associated to this graph is stabilized by the following three stabilizing operators
GI=XRZRXZ, G=ZRXR®Z, G=ZRZRXX, (1.50)

and its explicit form reads

L
V8

The graph on the right side in Fig. 1.8 is another three-vertex graph which is not isomorphic to

|G2) = (/000) +|100) +1010) —|110) +]001) —[101) —[O11) — [111)). (1.51)

the complete graph. The unique three qubit state associated with this graph is stabilized by

GI=XQRZRIZ, G, =ZRXQRI, G3:=7ZRIxX, (1.52)
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Figure 1.8: Two non-isomorphic graphs with 3 vertices. On the left side a complete graph and on the
right side another three-vertex graph which is inequivalent to the first one.
and is given by

R
V8

Interestingly, although both these states |G,) and |G3) correspond to non-isomorphic graphs, they

|G3) = (]000) 4 [100) +|010) — |110) 4 |001) +|101) — |011) + |111)). (1.53)

are actually equivalent to the same three-qubit GHZ state
1
|GHZ3) :—2(|OOO)+|111>) (1.54)

up to local unitary transformations.
Let us finally provide an alternative definition of the graph states, which exhibits how these states

can be implemented, for instance on a quantum computer [cf. Ref. [67]]:
G) =[TUa 1), (1.55)

where |+) is the eigenstate of the Pauli matrix X and Uy, is a unitary matrix raised to the power r;;

that acts on qubits a and b, and it is given by the following expression:

d—1
Uap =10)a(0| @1+ [1)o(1|@Zp+ ...+ |d — Da(d = 1| @2 " = Y |m)a(m| @ Z}". (1.56)

m=0
For the qubit case, the matrix U, is given by:
0

= ’0>a<0’®ﬂb+|1>a<1|®zba (1-57)

S O O =
oS o = O
oS = O O

—1

which is also known as the controlled Z gate. A suitable comment here is that U, = Up,, as can

be checked, and that all of these unitary transformations acting in different vertices commute among
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themselves, i.e., [Ugp, Usq] = 0 for all vertices denoted by a # b and ¢ #d . As a consequence, the ordering
of the unitaries in the usual matrix product plays no role in the definition (1.56) and therefore the
graph states are well defined since the graph does not distinguish edges between different vertices.

This alternative definition brings interesting physical interpretations of graph states. To prepare
a graph state, for instance, we could start with the state which is a tensor product of eigenstates
of the qubit Pauli matrix X, i.e. |+)®", and then apply the non-local unitaries U,, which create
entanglement in the state. The initial state can be for instance obtained by preparing each qubit
in the ground state |0) and applying the Hadamard gate to it, whereas the action of the non-local
unitaries can be implemented by a suitable Hamiltonian acting on pairs of qubits.

In summary, while the second definition of the graph states provides also a recipe of how to
physically generate these states, the definition based on the stabilizer formalism is a convenient math-
ematical tool that allows us to design certification methods for them and thus is highly relevant for

the thesis. More details about entanglement in graph states can be found in the review [67].

1.6 Self-testing

Self-testing is one of the strongest forms of device-independent certification whose main goal is to
exploit the observed non-classical correlations to deduce the form of the quantum state and measure-
ments that gave rise to these correlations [17] (see also the recent review [18]). Self-testing is thus of
black box type certification method that allows making nontrivial statements about the underlying
quantum system from the violation of Bell or noncontextuality inequalities without making assump-
tions on the system. The main idea behind the proofs of self-testing lies in the uniqueness (up to
certain equivalences) of the quantum realization that attains the maximal quantum violation of some
inequalities such as the CHSH or the KCBS inequalities described above.

Below follows a formal definition of self-testing based on violation of noncontextuality inequalities
that was first put forward in Ref. [68]. We use this definition later in Chapters 2 and 3.

Definition 15 (Self-testing from contextuality). Suppose an unknown state |y) € A and a set of mea-
surements A; violate a given noncontextuality inequality mazximally, then this mazximal quantum viola-
tion self-tests the state |§) € C? and the set of measurements A; if there exists a projection P: 7 — C4

and a unitary U acting on C¢ such that

Ut (PAPYU = 4; (1.58)
U(Ply)) = [W). (1.59)

Let us also state the definition of self-testing in the case of Bell scenarios which historically was
in fact introduced earlier than the above one. For pedagogical reasons we provide it for bipartite
scenarios, noting that the generalization to the multipartite case can straightforwardly be obtained
by adding more observers. Also, we formulate it in a slightly different manner as compared to the

original one [69] because we use unitary operations instead of isometries.

Definition 16 (Self-testing from nonlocality - bipartite Bell scenario). Let us suppose that a bipartite
Bell test is performed on an unknown state |y) € 4 @ Hp and with unknown measurements A; (A; :
Sy — Hy) and B (Bj: Ap — Hg). We say that the observed correlations p self-test the state | ) €
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Cé @ C% and the measurements A; and B; if one can prove that: (i) the local Hilbert spaces 4 and
g decompose as G = C% ® A, and Ay = Cis ® Ay, (i) there exist local unitary operations Us and
Ug such that

Ua @ Uply) = |§) @ |aux) (1.60)
for some auziliary state |aux) € 7] @ 7 and, moreover,
UlAUs=A;®1,  UiBjUp=B;®L (1.61)

We remark that compared to the definition stated for self-testing based on noncontextuality in-
equalities, the definition used for Bell nonlocality does not use any projection operator. The difference
remains in the fact that the projectors in the first definition discard the auxiliary Hilbert Space. Both
definitions are different points of view of similar mathematical structures.

A simple example of an inequality useful for certification purposes is the CHSH inequality [40]-
[70]. Its maximal violation self-tests, up to the equivalences specified in the above definition, the
maximally entangled state of two qubits (1.37) and four measurements (1.38)-(1.39), which locally
anti-commute. Thus, this quantum realization is the unique one in the two-qubit Hilbert space that
up to local unitary operations attains the maximal quantum violation of the CHSH Bell inequality.
This is the first example in the literature about a certification scheme based on maximal violation of a
Bell inequalty and since then self-testing schemes for other quantum states have been proposed (see,
e.g., [19]-[24]). Our thesis fits this line of research. In fact,in Chapter 4 we present the article with a
self-testing result for qutrit graph states [71].

Another example of an inequality that self-tests a quantum system is the KCBS inequality (1.22).
The quantum realization we described in section (1.3.1) is, up to a unitary equivalence, the unique
one in % = C? that gives rise to the maximal violation of this inequality, up to a global unitary [25].
As already mentioned self-testing methods based on Bell inequalities are device-independent as they
do not depend on any assumption on the state and measurements. In a Bell test, the fact that the
measurements performed by different observers commute is guaranteed by spatial separation. At the
same time, it is worth mentioning that the assumption of commutativity of measurements is a weakness
of self-testing schemes based on noncontextuality inequalities. It was one of the main aims of this thesis
to provide a method allowing to certify the quantum realizations giving rise to the maximal violation
of the KCBS or the n-cycle inequalities without assuming the compatibility structure of the underlying
measurements. In fact, in Chapter 2 we present a scheme based on sequential measurements which
allows one to drop the assumption of commutativity between measurements [72]. Then, in Chapter 3
we present a self-testing scheme based on the standard contextuality scenario [73].

Let us notice that to provide a self-testing scheme for a particular quantum realization one typ-
ically follows a similar strategy which consists of constructing a non-trivial Bell or noncontextuality
inequality which is maximally violated by this realization. Then, one needs to prove that the latter is
unique up to the equivalences specified in the definitions above and a possible way to realize this last
task is to construct a sum-of-squares decomposition for a given inequality (see, e.g., [21], [23], [72],
[74]-[76]) an then solve the resulting algebraic relations for the state and measurements. From the

numerical perspective, there are techniques inspired by convex optimization methods, in particular
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semi-definite programming (SDP) [25]-[77].

On the other hand, it worth to comment here that the self-testing schemes have intrinsic limitations.
It is known for instance that product states cannot violate Bell inequalities, so there is no way to self-
test any product state based on maximal violation of Bell inequalities. Moreover, it is not possible to
self-test mixed entangled states from maximal Bell violations because these are always achieved with
pure states. It is nevertheless possible to certify some genuinely entangled subspaces (or, equivalently,
all mixed states acting on them) [78]. In the case of quantum contextuality it is not possible to certify
entangled states because of the “global” unitary freedom involved in the definition of self-testing.

Let us conclude by noting that self-testing might be an interesting option for certification in the
device-independent framework (see, e.g., Ref. [18]). In fact, there already exist self-testing schemes for
entangled states that are resources for many applications which range from device-independent ran-
domness generation [79], device-independent quantum cryptography [80]-[82], entanglement detection
[83], [84] and delegated quantum computing [85], [86]. Also, self-testing can be used to witness the
dimension of the underlying quantum system; for instance, in the case of KCBS inequality its maximal

violation certifies that the underlying quantum system is at least three-dimensional.
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Chapter 2

Paper I

2.1 Sum-of-squares decompositions for a family of noncontextuality inequal-

ities and self-testing of quantum devices

One of the simplest inequalities capable of revealing quantum contextuality is the KCBS inequality,
which is a particular case of the n-cycle inequality (1.29) when n=35. In the first article forming the
thesis, we consider a modification of the contextuality scenario in which the measurements are not
assumed to satisfy any compatibility relations and are performed sequentially on the quantum system,
that is, one after the other one. Thus the scenario considered by us pertains to one that is typically
referred in the literature to as the temporal scenario (see, e.g., Ref. [87]).

We then derive a novel family of noncontextuality-like inequalities, which are suitable modifications
of the n-cycle inequalities, for which one is able to analytically find the corresponding sum-of-squares
decompositions. The latter is crucial for determining the maximal quantum violation of the inequalities
as well as in deriving the algebraic relations for the state and measurements that enable proving the
other main result of our work which is the self-testing result stated in Theorem. It is worth mentioning
that the sum-of-squares “technique” has already been used in deriving the maximal quantum values of
Bell inequalities as well as in deriving nonlocality-based self-testing statements (see, e.g., Ref. [21]),
but has never been used in the contextuality scenario. With the SOS decompositions, we prove that
our inequalities can be used for self-testing of three-dimensional quantum state and measurements for
the n-cycle scenario for n =2" +1 with m € N.

One of the issues regarding certification schemes based on maximal violation of noncontextuality
inequalities is that they require making strong assumptions like that the commutation of measurements
and dimension of the Hilbert space [25]. In our work we were able to drop both of them. In fact, our
approach is based on a single assumption that requires the measurement device to have no memory
and return only the actual post-measurement state. This assumption is certainly much weaker than
the assumptions that are considered in the case of the Kochen-Specker contextuality.

Let us finally remark that while the certification methods within the contextuality or sequential
measurements scenarios are still not fully device-independent as far as its original definition is con-
cerned, they still allow one to certify systems that do not require spatial separation as in the case of Bell
nonlocality. They are also more powerful than the standard quantum tomography since for instance

they require performing less measurements and are distinct from those in the prepare-and-measure
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scenario because no assumption on the dimensionality of the preparation is required here.

2.2 Author’s contribution
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Result 2;

e Analytical derivation of the stabilizing operators presented in Appendix A;
e Help in deriving the main result of the work stated as Theorem:;

e Help in preparing the manuscript.
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Violation of a noncontextuality inequality or
the phenomenon referred to ‘quantum contextu-
ality’ is a fundamental feature of quantum the-
ory. In this article, we derive a novel family
of noncontextuality inequalities along with their
sum-of-squares decompositions in the simplest
(odd-cycle) sequential-measurement scenario ca-
pable to demonstrate Kochen-Specker contextu-
ality. The sum-of-squares decompositions allow
us to obtain the maximal quantum violation of
these inequalities and a set of algebraic relations
necessarily satisfied by any state and measure-
ments achieving it. With their help, we prove
that our inequalities can be used for self-testing
of three-dimensional quantum state and measure-
ments. Remarkably, the presented self-testing re-
sults rely on a single assumption about the mea-
surement device that is much weaker than the
assumptions considered in Kochen-Specker con-
textuality.

To realize genuine quantum technologies such as cryp-
tographic systems, quantum simulators or quantum com-
puting devices, the back-end user should be ensured that
the quantum devices work as specified by the provider.
Methods to certify that a quantum device operates in a
nonclassical way are therefore needed. The most com-
pelling one, developed in the cryptographic context, is
self-testing [MY04]. It exploits nonlocality, i.e., the exis-
tence of quantum correlations that cannot be reproduced
by the local-realist models, and provides the complete
form of device-independent ! characterization of quan-
tum devices only from the statistical data the devices
generate. Thus, it is being extensively studied in recent
years [YVB*14, BP15, CGS17].

However, since self-testing, as defined in Ref. [MY04],
stands on nonlocality [Bel64] (or, in other words, quan-
tum correlations that violate local-realist inequalities),
it is restricted to preparations of composite quantum
systems and local measurements on them. Therefore,
it poses a fundamental question: presuming the min-
imum features of the devices how to characterize (i)
quantum systems of prime dimension that are not ca-
pable of exhibiting nonlocal correlations, and (i) quan-
tum systems without entanglement or spatial separation
between subsystems? A possible way to address such
instances is to employ quantum contextuality (Kochen-
Specker contextuality), a generalization of nonlocal cor-

IWith the requirement of the spatial separation between mea-
surements on subsystems, and without any assumption on the in-
ternal features of the devices.

relations obtained from the statistics of commuting mea-
surements that are performed on a single quantum sys-
tem [KS75, Cab08, CSW14, KCBbuS08|. Indeed, the
recent study [BRVT19b, IMOK20, BRV*19a] provides
self-testing statements based on contextual correlations
(or correlations that violate noncontextuality inequal-
ity). Since quantum contextual correlations are essen-
tial in many aspects of quantum computation [HWVE14,
Raul3] and communication [GHH'14, SHP19|, self-
testing statements are crucial for certifying quantum
technology [BRV ' 19a]. Apart from that, it is, nonethe-
less, fundamentally interesting to seek the maximum in-
formation one can infer about the quantum devices only
from the observed statistics in a contextuality experi-
ment.

In the context of nonlocality, sum-of-squares (SOS)
decomposition of quantum operators associated with
local-realist inequalities has been the key mathemat-
ical tool in recent years to obtain optimal quantum
values and self-testing properties of quantum devices
[BP15, SASA16, SAT*17, KST*19, SSKA19, ASTA19,
Kan19, CMMN19|. Whether this line of study, albeit, re-
stricted to nonlocal correlations, can further be extended
to contextuality scenario is of great interest from the per-
spective of unified approach to non-classical correlations
[CSW14, AC18].

In this work, we consider Klyachko-Can-Binicioglu-
Shumovsky (KCBS) scenario which comprises of one
preparation and n (where n > 5 is odd) number of mea-
surements [KCBbuS08, AQB*13, LSW11]. This is the
simplest scenario capable to exhibit contextual correla-
tions using a three-dimensional quantum system and five
binary outcome measurements. It also has several impli-
cations in quantum foundation and quantum information
[GBC*T14, GHH" 14, SBA17, Cabl3, KanCK14, SR17,
XSST16]. We first introduce a modified version of KCBS
expression for n = 5 involving correlation between the
outcomes of two sequential measurements, along with an
SOS decomposition of the respective quantum operator.
We describe our methodology to obtain SOS and simul-
taneously, generalize for n-cycle KCBS scenario where
n = 2"+ 1,m € N. Interestingly, the SOS decomposi-
tion holds even without the idealizations that the mea-
surements satisfy commutativity conditions in a cyclic
order. By virtue of this decomposition, we obtain the
maximum quantum value of our modified n-cycle ex-
pression and a set of algebraic relations involving any
quantum state and measurements that yield those max-
imum values. By solving those relations, we show the
existence of a three-dimensional vector-space invariant
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under the algebra of measurement operators. Subse-
quently, we prove the uniqueness of the projected three-
dimensional measurements and state up to unitary equiv-
alence, that is, self-testing property of the quantum de-
vices. The presented self-testing statement relies on the
premise that the measurement device returns only the
post-measurement system and has no memory, while it
does not rely on the commutativity relations between ob-
servables.

1 Preliminaries

We begin by illustrating our scenario and specifying the
assumptions.

Sequential-measurement set-up. Each run of the exper-
imental observation comprises of preparation of a physi-
cal system followed by two measurements in a sequence
using one non-demolishing measurement device as de-
picted in Fig. 1. The measurement device has n (odd)
different settings, each of which yields 1 outcome. Let’s
denote the first and second measurement settings by A;
and A; where ¢,5 € {1,...,n}. The settings are chosen
such that j = ¢ £ 1, where from now on the subscript ¢
is taken modulo n, that is, A;4+, = A;. We make the
following assumption about the measurement device.

Assumption. The measurement device has no memory
and returns only the actual post-measurement state.

This assumption is necessary, otherwise, any quantum
statistics can be reproduced by classical systems.

By repeating this experiment many times we can ob-
tain joint probabilities p(a;, a;+1]A4;, Aix1) of two mea-
surements and single probabilities p(a;|.A;) of the first
measurement, and consequently, their correlation func-
tions,

(AjAix1) = Z a;ai+1p(a;, ait1|Aiy Aixr),

Qi,qi+1

(Ai) = Z%P(%Mﬁ)a (1)

where the measurement outcomes are denoted as a; =
+1.

A;

P \
Figure 1. Sequential-measurement set-up. The simplest
contextuality scenario comprises of one preparation P and one

measurement device with settings .A; each of them returns +1
outcome.

In quantum theory the two-outcome measurements A;
can be in general non-projective. However, since we do
not restrict the dimension of these measurements, an

extension of Naimark’s dilation theorem [IMOK20] al-
lows us to consider these measurements to be projective.
Thus, we can represent the measurements by the follow-
ing operators

A; =2P; — 1, (2)

where P; are projectors acting on some finite-dimensional
Hilbert space H. The preparation is represented by a
quantum state that, by the same reason, can be consid-
ered pure; we denote it by [¢).

Kochen-Specker contextuality [CSW14] pertains to the
assumption that the projectors satisfy certain orthogo-
nality relations, particularly in this scenario, P;P;+; = 0
for all 7, implying [A4;, A;+1] = 0. Such prerequisite about
the measurement device are difficult to justify in practice.
Since we aim to characterize the quantum devices from
their minimal features, we do not make this assumption.
We will see later that orthogonality relations between
projectors will be derived facts from the maximal viola-
tion of our inequality.

A general linear expression that can be considered to
test nonclassicality (or noncontextuality in the usual sce-
nario) in this set-up is given by,

B= Zci(<AiAi+1> + (Ait1Ai)) + Zdz<Az> (3)

Using the quantum expression of the joint probabili-
ties under the aforementioned Assumption, for example,
p(+1, +1[Ai; Air1) = (Y|P, Pig1 Pi[t), we find

(A Aip1) + (Aip1 Ai) = WI{A:, A ). (4)

Subsequently, the optimal quantum value of the expres-
sion (3) is defined as

n? = sup (Y| Bly), ()
[}, Aq

where B = >, ci{Ai, Aiy1} + >, diA; is the quantum
operator associated with the expression B and A; are of
the form (2). Notice that in the usual scenario, due to
commutativity relations, {4;, A;11} can be replaced by
2A;A;;1. The maximal classical value n° (or noncontex-
tual value in the usual scenario °) is defined as

c
= m 2 E i Qi E dia; . (6
n aiE{i)El} { B Gt * i ¢ } ( )

KCBS inequality. The well known n-cycle KCBS non-
contextuality inequality [AQB™13] is of the form

n

Bkcps i= — Z<AiAi+1> <n®=n-2. (7)

i=1
The maximal quantum violation of this inequality is

o _ 3cos(m/n)—1

~ 1+cos(n/n) " ®)

2Since any noncontextual value assignment pertains to certain
orthogonality conditions, here we refer to € as the classical value
for the relaxed scenario. Note that, under the aforesaid Assump-
tion, the optimal value of B in classical theory or any other theory
where measurement does not affect the system is given by Eq. (6).
With the orthogonality conditions, n© reduces to the maximal non-
contextual value.



and it is achieved by the following quantum state

[¥) =10) = (1,0,0)", (9)
and observables
A; = 2|5)w;] — 1, (10)

where |v;) are three-dimensional real vectors defined as
[5;) = (cos 6, sin O sin ¢;, sin 6 cos ¢;) T (11)

where 6 is defined as cosf = /1/(1 4 2«), where

o= %sec (%) (12)

and

¢i = i. (13)

Note that a and ¢; are functions of n, which for the
sake of simplification is not explicitly specified in their
notation. Let us also remark that |¢)) € €% and A,
acting on C? denote a particular example of quantum
realizations achieving the maximal quantum value of the
KCBS inequality (7). The self-testing properties of the
above-mentioned state and measurements based on the
violation of KCBS inequality are shown in [BRV*19b].
The proof is based on the optimization method of
semidefinite programming under the usual assumptions
of contextuality, along with an additional assumption
that P; in Eq. (2) are rank-one projectors.

Sum-of-squares decomposition. Let us finally discuss
the concept of sum-of-squares decompositions. Consider
a quantum operator B corresponding to some noncontex-
tuality expression B like the one in (5). Now, if for any
choice of quantum measurements A; and some 1 € R one
can decompose the shifted operator nl — B as

nl—B =Y E|Ey, (14)
k

the maximal quantum value of B is upper bounded by
n, ie., (Y|BlY) < n for any quantum state |¢). We
call (14) a sum-of-squares decomposition associated to
B. Typically Ej are constructed from the measurement
operators A;. The bound 7 is realized by a state and a
set of measurements if and only if the following algebraic
relation holds true for all &,

Egly) =0. (15)

Our self-testing proofs heavily rely on the above relations.
Let us remark that Ref. [LSWI11] provides an SOS
decomposition for the conventional KCBS operator un-
der the assumptions that the measurements satisfy
[Ai, A;x1] = 0. In what follows we derive an alterna-
tive noncontextuality inequality together with the cor-
responding SOS decomposition of the form (14) which
does not require making this assumption. Furthermore,
our SOS is designed in such a way that the algebraic
relations (15) it implies can be used for self-testing.

2 Modified KCBS inequality with sum-of-
squares decomposition

We are now ready to present our results. For pedagogical
purposes we begin with the simplest case of n = 5 and
consider the following modified KCBS expression

—ffZ )

where « is given in (12) with n = 5. Following (6) it is
not difficult to find the maximal classical value of B is
¢ =3+a2

Result 1 (Modified KCBS inequality with SOS). The
mazimal quantum value of B given in Eq. (16) with a =
(1/2) sec(m/n) is n9 = 3(1 + a?).

5

B = —% > ((AiAig) +

i=1

(Ait1A))

Proof. To prove this statement we present the SOS de-
composition for the modified KCBS operator

1 2
B = —5 Z:{Ai,Ai+1}—a Z:Al (17)
Let us first define the following Hermitian operators for
i=1,...,5,

1
M;, = *g(Ai +ad_ 1+ adii),

)

1
M; o = —g(—OéAi + Ao+ Aito), (18)

and observe that they satisfy the following relations

5
— % Z (2Mi,1 + OégMi,g) = 042 ZA“ (19)

and
755 M2 +73M2 _715 A A —&-75]1
5 N i’l 2 7;’2 - 2 N { & l+1} 2()[ ’
(20)

where we have used the identities o + o = 1 for a given
in Eq. (12) with n = 5 and A? = 1. With the aid of
these relations it is straightforward to verify that

ol

055 2
?Z(H_Mi,l) ) Z(]l M; 5)*

5 o 045 3
= <a + 2> 1-— 5 Z (QMi,l + o Mi’z)

%

a5
+?; ( 2+ —MQ )
=3(1+a*)1 - B, (21)

where B is given in Eq. (17).
Thus, the above equation constitutes a SOS decompo-
sition (14) of the modified KCBS operator in which

By = \/f(u — M) (22)

fork=1,...,5;



for k = 6,...,10; and 3 + 302 = 4.146 is the quantum
bound of B. We can validate that the state and measure-
ments in dimension three (9)-(10) responsible for optimal
value of KCBS inequality achieve this bound. O

Inspired by the above n = 5 case, let us now derive our
modified KCBS expression for more measurements. Our
aim is to obtain a general expression for which the sum-
of-squares decomposition can easily be constructed as the
one in Eq. (21) and later directly used for self-testing.

To reach this goal, let us consider n two-outcome quan-
tum measurements represented by operators A; (2) act-
ing on some Hilbert space of unknown but finite dimen-
sion. Let us then consider the expression (14) in which
the operators Ey are of the form 1 — M} with some pos-
itive multiplicative factors, where M) are constructed
from A;. Notice that for such a choice, Eq. (15) im-
plies that M}, must be stabilizing operators of the state
|1y maximally violating our modified KCBS expression,
that is, M |v¥) = |¢). Now, to design the explicit form of
M), we can use the optimal quantum realization (9)-(10)
of the n-cycle KCBS inequality (7), which gives us (see

ik

ch []]. . Mi,kﬁ — <7’L5[2 ch <032 + 1+ 6,813 — 4,8k>> 1-— (25[ch) ZAZ
k

Appendix A for details of the derivation)
M; = a1 —28k) Ai + Be(Aigr + Ai—i)], (24)

where i =1,...,nand k=1,...,(n—1)/2, whereas the
coefficients B and & are given by

1

= 25
Pr 2(1 — cos ¢g) (25)
and 142
«
o= 26
T 12 (26)
where «, ¢ are defined in Egs. (12) and (13), respec-

tively. Let us remark that M;y, &, 8; are all functions
of n which for the sake of simplification is not specified
explicitly. Moreover, the operators M; j defined in (24)
act on unknown Hilbert space H of finite dimension.

We now go back to the SOS decomposition (14) which
is deemed to be of the form

> ek 1= M) (27)
ik

with some non-negative parameters c; to be determined.
By plugging the expression of M; ; (24) into it and after
some rearrangement of indices, we obtain

k %

+a? Z (2181 (1= 281) + coca B2 | {4i, Aisr}

(n—3)/2

¥ty Z [261B1 (1= 28¢) + c(5)8 (g)] {(As, Avei), (28)

where

if k is even

29
if k is odd. (29)

f <k> ) k/2,

2 (n—k)/2,
We want to choose the coefficient ¢, so that they are non-
negative and all the anti-commutators {A;, 4,1} vanish
except for k = +1. For that purpose we consider n =
2™ + 1 for m € N\ {1}. First we take ¢, = 0 whenever
k # 2%, where z = 0,...,m — 1. Tt follows from (28)
that our requirement is fulfilled if the following set of
equations is satisfied

2¢9: Bor (1 — 2fB9:) + o121 = 0 (30)
forz =1,...,m—1. The above equation (30) implies for
alz=1,....m—1

Coz _ - 623 1
H L B21 (2825 — 1)

_ <2wﬁzx> ]li[ sec(goi ). (31)

Since sec(¢q; ) is positive for all j ?, caz /¢y is also positive.
Now, to provide a plausible solution of cs=, it suffices to
choose a positive ¢;. Due to (30) the remaining anti-
commutators in (28) are {4;, A;11} with a factor

2 [2¢181 (1 —2B1) + cam—1B83m—] - (32)

For simplicity we choose this factor to be 1/2 which im-
plies that ¢; is such that

1
4C1Bl (1 — 2/81) + 282m—1ﬁ§m,1 = ? (33)

After substituting cgm-1 from Eq. (31), the above gives

22m—3 1

Cc1 =

. (34)

&2 m—1

22m-18, (1 — 23,) + 2 'H1 sec(pos)
j=

One can readily verify that ¢, is positive. Finally, due to

SNote that cos¢y; = cos(n27/n) and 0 < 729 /n < 7/2,Vj =
1,2,...,m—1.



(30) and (33), Eq. (28) reads as,

> en [l = Mg =n,1 — By, (35)
ik
where
1
Bn:—§ Z{Ai,AiH}—’YZAi ; (36)
Y= —2a Z Ck (37)
k
and

1
k

and ¢, M; j, are defined in (31), (34) and (24).

From Eq. (25) we know that & is a negative quan-
tity and hence 7 is positive. Thus, our modified n-cycle
KCBS inequality is

By = —% Z(<AiAi+l> + (Aip1Ai)) — VZ<A1'> <ny

(39)
whose quantum bound is 7, (38) and the classical value
n¢ is provided in Result 3. It follows from the construc-
tion of the SOS (35) that the qutrit quantum state and
measurements defined in Eqs. (9)-(13) satisfy the stabi-
lizing relations M, i|¢) = |¢), implying the bound n, is
tight, or, in other words, the maximal quantum value of
(39) equals 7.

To put the above mathematical analysis in a nutshell,
the expression of the noncontextuality inequality (39) is
derived such that it meets a SOS decomposition (14) of
certain form. This leads us to the following result.

Result 2 (Modified n-cycle expression with SOS). The
maximum quantum value of modified n-cycle noncontex-
tuality expression (39) with a SOS decomposition (35) is
M (38) (where n =2"+1,m e N\ {1}).

Let us finally prove the classical bound of our new non-
contextuality expression.

Result 3 (Maximal classical value). The classical value
of B, in Eq. (39) is given by n+ v — 2.

Proof. The classical value can be obtained by assigning
+1 values to the observables appearing in (39), that is,
n n
c
= — Qi1 — i 0 40

=, Dax { ;azam v;az} (40)
where v is positive. Let us say in the optimal assignment
there are k£ number of a; which are —1. We first assume
k > n/2. When there are k number of —1, and n — k
number of 4+1, the minimum value of Zl a;ai+1 = 4k —

3n, and the quantity ), a; = n — 2k. Substituting these
values in (40) we see

M =B =y)n—(4-27)k (41)
Therefore, the optimal value of 7776; is obtained for the
minimum value of k, that is, for £ = (n + 1)/2. This
implies the right-hand-side of (41) is n+~ — 2. Similarly,
if K < n/2, then we have (n — k) > n/2, and following a
similar argument we can obtain the same bound. O

3 Self-testing of quantum devices

An exact self-testing statement provides us the certifica-
tion of quantum devices, given that we observe an op-
timal violation of a noncontextuality inequality. How-
ever, the observed statistics are unchanged in the pres-
ence of auxiliary degrees of freedom (or auxiliary sys-
tems) and a global unitary. Therefore, self-testing in the
context of state-dependent quantum contextual correla-
tion [BRVT19b, IMOK20] infers unique state and mea-
surements up to these equivalences.

Here, we take the definition of self-testing stated in
[IMOK?20]. Formally, self-testing of preparation |) € C?
and a set of measurements {A;}" | acting on C? is de-
fined as follows: if a set of observables {4;}"_; acting on
unknown finite-dimensional Hilbert space H and a state
|t)) € H maximally violate a noncontextuality inequality,
then there exists a projection P : # — €< and a unitary
operation U on €? such that

L UP)) = [¥) ,
2. UPAP)UT = A, foralli=1,...,n.

To obtain self-testing only from the reduced Assumption
mentioned in section 1, we consider a modified version of
the expression B, (39) of the following form

By =By — > [p(++ | Air1, Ai) + p(+ + [Ai_1, A
(12)
Since the additional term is non-positive, the classical
and quantum bounds of B,, are the same as for B,,. More-
over, it follows from (35) that the SOS decomposition of
B, is

Ml = B => cx[1—Mi)* +> (PiPii1) (PPiia)
ik i

+Y (PPi) (PiPicy), (43)

where

Bn =B, — ZPH-lPiPi-‘rl - Zpi—lpipi—la (44)

and 7, is again the optimal quantum value of B,,. Let us
now show that our inequality (42) can be used to make a
self-testing statement, according to the above definition,
for the state and observables (9)-(10) maximally violating
it.

Result 4 (Self-testing). Under the Assumption stated in
Sec. 1, if a quantum state |) € H and a set of n (where
n=2"+1,m e N\ {1}) measurements A; acting on H
violate the inequality (42) mazimally, then there exists a
projection P : H — C3 and a unitary U acting on C>
such that

U(P AP = 2[3,)5:] — 1,
U(IPW)) = (1,070>T’ (45)

where |v;) are defined in (11).



Proof. Taking the expectation value of the state |¢)) on
both side of the SOS decomposition (43) of B, we obtain
by virtue of (15) that for any ¢ and k,

M k|9) = [¢). (46)

In the particular £ = 1 case this condition when com-
bined with the explicit form of M;; given in Eq. (24)
together with the fact that 8; = /(14 2«), leads to the
following relations for all i = 1,...,n,

(Az —|— OéAH_l + O(Ai_l)|¢> = (1 — 2&)‘¢> (47)

Similarly, from the last two terms of the SOS decompo-
sition (43) we get that for alli =1,...,n,

PiPiy1[y) = 0. (48)
Given the relations (47) and (48), the next Theorem pro-
vides the proof for the self-testing statement. O

The self-testing property implies our modified inequal-
ity (42) are non-trivial since any classical value assign-
ment is not equivalent to the realization given in (45).

Theorem. If a set of quantum observables {A;}},
(where n is odd) of the form (2) acting on arbitrary finite-
dimensional Hilbert space H and a unit vector ) € H
satisfy the relations (47) and (48), then there exists a
projection operator P : H — C3 and a unitary U acting
on €3 such that (45) holds true.

Proof. We prove this theorem in two steps.

Step 1. In the first step, we deduce the effective dimen-
sionality of the observables A; and the state |¢)). Let us
define a vector space V' = Span{|¢)), A1|¢), As|y)}. Due
to Lemma 1 (stated in Appendix B), it suffices to consider
the observables A; and the state |¢) restricted to V. In
other words, Lemma 1 points out that the Hilbert space
H can be decomposed as V @ V+ and all the operators
A; have the following block structure

A= (%’%) , (19)

wherein A;, Al are acting on V, VL, respectively; in par-
ticular, Af|y) = 0 for any i. This allows us to define
A, =PA,PH =2P, — 1,
[v) = P[p), (50)
where P is the projection operator from H to V, P, =
PPP! > 0 and 1 is the identity operator acting on V.

It follows from Eq. (2) and Egs. (47) and (48) that
the projected measurements P; and the state |1)) satisfy

the following sets of relations for all i = 1,...,n,
PPy |ih) =0, (51)
(P4 aPi_1 + aPiyq) [§) = [4), (52)

Step 2. In the second step, we characterize the observ-
ables A;. With the help of Lemma 2 given in Appendix
B, we first show that all observables A; are of the form

A; = 2Jv;)vi| = 1 (53)

for some normalized vectors |v;) € C? such that
(vilvix1) = 0. The remaining part is the characteriza-
tion of |v;). By plugging Eq. (53) into Eq. (52) we
obtain that for all 7,

(lviXvil + efvi—1 Xvi1| + afvig Xvipa ) 9) = [d). (54)

We use the fact that |v;), |v;11) are orthogonal and mul-
tiply (v;—1| and (v;41| with Eq. (54), which lead us to
the following equations

a(vi1[vig1) (Vg1 [P) = (1 — a){vi—1|h)  (55)

and
a(vig1|vi1) (vica|0) = (1 — a){vigr|d)  (56)

for all 4. By substituting the term (v;_1[¢)) from the first
equation to the second one, we arrive at the following
conditions

11—«

Vi, [(vi-1|vig1)| = — (57)

Note that, here we use the fact that (v;i|¢) # 0 4.
Considering the absolute value of both side of (56) and
using (57) we obtain another set of conditions

Vi, [(@lvic1)] = [{@loig)]. (58)

And since n is odd, as a consequence of the above equa-
tion, ~ ~
Vi, g, [(@lui)| = [(¥]v;)]. (59)
Let us try to see what is the most general form of |v;)
compatible with the above conditions. First let us exploit
the fact that observed probabilities do not change if we
rotate the state and measurements by a unitary opera-
tion. We thus choose it so that Uly) = (1,0,0)T = |0).
We also notice that any unitary of the following form

1 0
(i2) w

with U’ being any 2 x 2 unitary does not change |0).
Later we will use this freedom.

Due to the fact that we are characterizing projectors
|v;(v;| rather than the vectors themselves, we can always
assume the first element of the vector is positive, that is,
|v;) has the form,

. . T
i) = (cos b;, €' sin §; sin b3, €' sin 0; cos ®;) . (61)

The condition (59) implies that all cosf; are equal and
therefore let us denote 6; = 6. Plugging these forms of
lv;) and |¢)) = |0) into Eq. (54), the first element of the
vector equation leads to

1
0= ——. 62
cos T (62)

4If (vj41l9) = O for some j, then (55) implies (vj_1|b)
is also 0, and further (54) implies |v;)v;[¥) = [¢)). Substitut-
ing these in (54) taking ¢ = j 4+ 1, we arrive at a relation
[vj+2)Xvjt+2|d) = (1 — a)/ald) which cannot be true for any finite
n since |v;j42)(vj42| has eigenvalues 1,0.



Using this freedom we can bring one of the vectors, say
|vn), to (cosf,0,sin )T by taking

sing, =0, e'n =1, (63)

Then, due to the condition (vi|v,) = (vy—1|v,) = 0 we
infer e!?1, et»—1 are real and without loss of generality
we can take

il — pibno1 (64)

by absorbing the sign in cos ¢1, cos ¢, 1. Further, we can
get rid one of the phases in |v1), that is,
el =1, (65)

and take sin(¢;) to be non-negative by applying another
unitary of the form (60),

U’ = diag[+ exp(—iay), 1] (66)

that does not change the simplified form of |v,,). Equat-
ing the second and third element of the vector equation
(54), we obtain the relations

' sin ¢; + ae'® ' sin ¢;_q + ae' ' singiq =0, (67)
and
et cos ¢y + ae®i=1 cos i1 + e+ cos piyq = 0. (68)

With the aid of (63) and (65), Eq. (67) for i = n points
out sin(¢;) = —el%~1sin(¢p,_1) which allows us to con-
sider e!%n-1 = 1. Taking i = 1 in Eqgs. (67) and (68)
and replacing the values of sin ¢y, cos ¢y, e, eib1 eiln
we obtain,

sin ¢1 + ael® sin ¢y = 0, (69)
cos 1 + a + aet?? cos g = 0. (70)
Thus, €12, e1*2 are real and can be taken to be 1. Note,

here we use the fact that sing; # 0 °. Similarly, by
taking i = 2,...,n — 2 we conclude for all ¢

el = el = 1. (71)

On the other hand, the condition (v;|v;1+1) = 0 implies,

_ cos? 6
Gis1 — by = cos™! (_szg)
n—1)mw

Finally, considering ¢ = n in the above Eq. (72) and
using sin ¢, = 0 we deduce ¢ = (n—1)7/n. We discard
the possibility ¢1 = —(n — 1)7/n since sin ¢; is taken to
be non-negative. Thus, the equations (62), (71), and (72)
together with ¢ establish that the unknown vectors |v;)
in (61) are unitarily equivalent to [0;). This completes
the proof. O

°If singy = 0, then cos¢y = =1 and consequently
(vn|v1) = cos (0 F 0) which contradicts the relation (vn|vi) =0.
Analogously, if we suppose cos¢2 = 0, then cos¢; + o = 0 and
sin ¢2 = £1. Now, the first equation holds only if 202 = 1.

4 Conclusion

Kochen-Specker contextuality captures the intrinsic na-
ture of quantum theory that essentially departs from
classicality. It also offers a generalization of quantum
correlations beyond nonlocality to a larger class of quan-
tum systems and minimizes the demands to test non-
classicality. Therefore, it is a fundamental problem to
understand what is the maximal information about the
underlying quantum system that can be inferred from the
correlations observed in a contextuality experiment, and
whether this information can be used for certification of
quantum devices from minimal assumptions of their in-
ternal functioning.

In this work, we derive self-testing statements for n-
cycle scenario using weaker assumptions than those made
in previous approaches based on Kochen-Specker contex-
tuality [CSW14, BRVT19b, IMOK20, BRV*19a]. In par-
ticular, we do not assume orthogonality relations between
measurement effects. Instead, we consider general two-
outcome measurements which nevertheless obey a single
assumption that the measurement device does not return
any additional information except the post-measurement
system and does not possess any memory. Moreover,
we take a different approach, that is, we use the sum-
of-squares ’technique’ that has successfully been used in
the Bell scenario to derive maximal quantum violation of
certain Bell inequalities as well as in making self-testing
statements [BP15, SASA16, SATT17, KST*19, SSKA19,
CMMN19, Kan19, ASTA19], but has never been explored
for self-testing in the contextuality scenario.

We further remark that self-testing from quantum con-
textuality is not fully device-independent as far as its
original definition is concerned, while, its experimental
test does not require space-like separation. The assump-
tion is critical to verify for practical purposes, however,
in future studies, one may try to overcome it by restrict-
ing the computational power or the memory of the mea-
surement device. Nonetheless, it is way more powerful
than the usual process of tomography. It is also distinct
from the self-testing approach in prepare-and-measure
scenario [TKV 18, FK19]| since no restriction on the di-
mensionality of the preparation is imposed here.

Although the SOS decompositions hold for a certain
number of measurements, a suitable adaptation of our
approach in future studies may lead to SOS decomposi-
tions for an arbitrary odd number of measurements. An-
other direction for further study is to explore whether our
approach can be applied to states and measurements of
higher dimension than three and whether our self-testing
statements can be made robust to experimental imper-
fections. From a more general perspective, it would be
interesting to design a unifying approach to self-testing
based on Bell nonlocality and quantum contextuality.
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To guess the stabilizing operators M; , we use the stabilizing operators in the optimal quantum realization of n-cycle

KCBS inequality (7). Let us assume that these operators are in the following form
Mg = al; + bAyp + Y Ay,
where the coefficients a, b and b’ are to be determined as a solution to the equation
(i +bAsis + ¥ Ai)[0) = ),
and @), A; are given in Egs. (9)-(10). To solve the above we first notice the following relation,
A; |1ZJ\> = (cos 26, sin 20 sin ¢, sin 26 cos ¢;) 7T,
which when substituted into Eq. (74) leads one to a system of equations
a(l+ 24+ %/) cos 20
asin20(sin¢; + Esindiyy, + Lsing;_y) | =

a

S O =

a sin 20( cos ¢; + b cos Giti + % cos ¢ifk)

a

(73)

(74)

Assuming that a # 0 and taking into account that sin20 # 0, the last two equations in the above system can be

rewritten as

sing; sing;1x sin ¢i—k‘| b;a _ [8] .

COS@; COSQi1p COSP;_k

b/a

(77)



After multiplying the above equation from left by

lsin ¢;  cos@; 1 (78)

cos¢p; —sing;

and using the fact ¢; 1 — ¢; = dp, Eq. (77) simplifies to,

1
[1 COS P, cosd)kl ba :[0]. (79)

0 singr —singg ¥/a 0
In this way we remark that the dependence of i in (77) disappears and the system of equations (79) imply
b v 1
azgz—isecqﬁk. (80)

Substitution of above in the first vector equality of (76) leads to

1

(1 —secgr)(2cos26 — 1)’ (81)

a =

and thus, we obtain a unique solution of a,b,b’. Finally, substituting a,b,b’ into Eq. (74) we can conveniently state

o~

M, 1, operators in the following way

— 1+ 2«
Mi =
k (1—2a

) {(1 — Qﬂk)gi + ﬁk(A\iJrk + Esz)} )

where

1 1 T
Pr = 2(1 — cos )’ 4T g (ﬁ> ' (83)

B Lemma 1-2

In this appendix, we provide two Lemmas that are used in the proof of the Theorem.

Lemma 1. If a set of quantum observables {A;}7, (where n is odd) of the form (2) and a vector |v) satisfy the
relations (47) and (48), then the vector space

V' = span{|¢), A1[¢), As|v)} (84)

1s invariant under the algebra generated by A;.

Proof. To prove this statement it suffices to show that A;|¢) for all i =1,...,n as well as all A;A;|¢)) with ¢ # j can
be expressed as linear combinations of the basis vectors [i), A;|¢) and As|).

Let us begin by noting that Eq. (47) for i = 2 gives us directly such a linear combination for As|ty) and so As|) € V.
Then, the fact that A;|¢)) € V for i =4,...,n follows from Eq. (47); it is enough to rewrite the latter as

1 -2«
«

Ay = 20 ) - A al) - Aol (55)

Let us now move on to showing that A;A;|¢)) € V for all i # j. To this end, we first observe that using (48) we
obtain

AiAin1|Y) = (2P — 1)(2Pix1 — 1Y)
=—(4; + Aix1 + 1|9, (86)
which due to the fact that A;|¢) € V, allows us to conclude that for all i, A;A;41|¢)) € V.
Let us then consider the vectors A;A;|vy) for pairs ¢,j such that |i — j| = 2. Using the property of involution and
the fact [A;, Aix1]|) = 0 which is a consequence of Eq. (48), we get
AiAio|) = AiAira(Aix1)?[0)
= (AiAix1)(Aix1Air)|9). (87)
Since we have already shown A;A;11|¢) € V, the above equation implies A;A;12]1) € V.
Given that A;A;[¢)) € V for |i — j| =1 and |i — j| = 2 we can then prove, applying the same argument as above,

that A;A;[y) belong to V for any pair ¢, j such that |i — j| = 3. In fact, following this approach recursively we can
prove that A;A;[¢) € V for 4, j such that | — j| = k with k = 3,...,n — 1, which completes the proof. O
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Let us remark that the subspace V' is in fact spanned by any triple of the vectors [¢), A;|¢) and A;|¢) with i # j.
This is a consequence of the fact that, as proven above, any vector A;|¢) is a linear combination of |¢), A1|) and

Azli).

Lemma 2. If a set of projectors {P;}"_, acting on €3 and a vector 1)) satisfy the relations (51) and (52), then each
P; has rank one, that is, for each i there exists a normalized vector |v;) € € such that P; = |v;)(v;| and, moreover,

<vi|vii1> =0.
Proof. Since P; are projectors, we have
Vi, PP) = P|). (88)
Let us begin by showing that P;|1)) # 0 for all i. Assume to this end that there exist j such that Pj|z/~J> = 0. Using
then Eq. (52) for i = j — 1 we arrive at B B 3 R
(Pj—1+aP;)[Y) = [¥). (89)
After applying Pj_g to both sides of this equation and using Eq. (51), we obtain cuf’z 2|’(ZJ> ~] 2|h) which is

consistent with Eq. (88) if and only if Pj o)) = 0. Therefore, due to Eq. (89) we have P 1|9) = [i). Again,
substituting these relations in (52) taking i = j, we arrive at Pj 1) = [(1 — «)/a][¢)) which contradicts Eq. (88).
Let us now show that all the operators P; are of rank one. We first prove that none of them can be of rank three.
Assume for this purpose that rank (P, p;) = 3 for some j. Then, the condition (88) gives Pj|b) = |4b). This, after taking
into account that Pj;Pj[¢)) = 0 1mphes Pj1]¢) = 0, which contradicts the fact P;|t) # 0 for all ¢, as shown before.
Let us then prove that none of P; can be of rank two. To this end, assume that there is j such that rank(P-) =2
and consider the eigen-decomposition of P,
— X1+ [2)2, (90)

where |1),[2), |3) are the eigenvectors, forming an orthonormal basis in €3. Subsequently, |¢)) can be expressed as
) = @1]1) + 72|2) + 23(3) (91)

for some z1, w9, 73 € C. Note that x1 = x5 = 0 is not possible since it requires P |z/1> = 0. Similarly, x3 # 0, otherwise

P;|)) = [¢) which implies Jj:1|’(/J> =0. o .
Now, employing the fact that P; is supported on span{[1),|2)}, it follows from the condition P;Pj+1|¢)) = 0 that

Pji1]Y) = g3.+|3) for some g3 4+ € (D. By combining this with (88) we find that
Pj1]3) = 13), (92)

that is, |3) is the eigenvector of Pjil with eigenvalue one, which, due to the fact that ]Sjil < 1, implies that ]Sjil
decompose as 3 3
Py = Pl +13)3 (93)
with pjil being projectors supported on span{|1),|2)}. By finally plugging Eqs. (90) - (93) into Eq. (52) for i = j
and projecting the obtained equation onto |3) we see that 2« = 1, which is not satisfied for any n.
As a result all the operators P; are of rank one and therefore they can be expressed as

P, = |v;)vil (94)

for some |v;) € €3. Furthermore, since P;|)) # 0, Eq. (51) implies (v;|vix1) = 0. This completes the proof. O
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3.1 Scalable noncontextuality inequalities and certification of multiqubit quan-

tum systems

In the second article forming this thesis we continue our endeavour to provide certification methods for
quantum systems. This time our main aim was to provide methods that unlike the n-cycle inequalities
discussed above allow to certify systems of arbitrary dimension. However, due to the complexity of
the problem we needed to restore to the standard contextuality scenario in which one needs to assume
that the underlying compatibility structure of measurements is satisfied. This means that our method
falls into the category of semi-device independent methods.

In this article we proposed a family of noncontextuality inequalities that involve 2n dichotomic
measurements with n being an arbitrary natural number such that n > 3. In the particular case of
three qubits, our family reproduces an inequality that in the non-locality context is known as the
Mermin-Ardehali-Belinskii-Klyshko (MABK) inequality [88]-[89], however, for larger values of n both
classes are distinct.

To construct these inequalities, but also to derive our main results stated in Theorems 1 and 2, we
employed the stabilizer formalism which in fact has already proven to be very useful for instance in
deriving Bell inequalities for multipartite states (see, e.g., Ref. [64]). Our inequalities are constructed
in such a way that their maximal quantum violation is achieved by an n-qubit state equivalent to the
GHZ state (1.45) and a set of observables that form anticommuting pairs, this being a key fact behind
the possibility of using these inequalities for certification of quantum states and measurements.

Indeed, we then prove that the only possible quantum realizations (consisting of quantum states
and measurements) that achieve the maximal quantum violation of our inequalities are those that are
unitarily equivalent to the one specified above in the sense of Def. 15. Thus, the maximal violation
of our inequalities certifies that the underlying state is equivalent to the GHZ state of n qubits (1.45)
and simultaneously the observables are equivalent to n pairs of anticommuting observables, which are
in fact, equivalent to pairs of the Pauli matrices X and Z acting on all subsystems of this state. In
deriving this result, the structure of the compatibility hypergraph in the simplest case of n =3 played
a key role because it allowed to identify relevant symmetries of the inequality which then simplified
the algebraic relations for the observables, but it also allowed to generalize the inequality to the case

of arbitrary n. Finally, following the approach of Ref. [68], in the simplest case of n =3 we have also
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studied the robustness of our scheme against noises and experimental imperfections.

The key feature of our inequalities is that they are scalable in the sense that the number of
expectation values that they involve scales only polynomially with the system size n. This certainly
lowers the experimental effort necessary to violated them as compared to other such inequalities like

the aforementioned MAKB inequalities which contain 2" terms.

3.2 Author’s contribution
My contribution to the article consisted of:

e Active participation in the discussion that lead to formulation of the problem and derivation of

the noncontextuality inequalities;

e Generalization of the inequalities to any n based on the inequality for n = 3. In deriving these

inequalities I exploited the symmetries of the underlying compatibility hypergraph;
e Proving Lemmas 1, 2 and 3 and as a consequence Theorem 1;
e Significant contribution to proving Lemmas 4, 5 and 6 and Theorem 2;
e Help in deriving the robustness analysis presented in Sec. V of the article;

e Significant contribution to writing the manuscript.
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We propose a family of noncontextuality inequalities and show that they can be used for certification of
multiqubit quantum systems. Our scheme, unlike those based on nonlocality, does not require spatial separation
between the subsystems, yet it makes use of certain compatibility relations between measurements. Moreover,
it is scalable in the sense that the number of expectation values that are to be measured to observe contextuality
scales polynomially with the number of qubits that are being certified. In a particular case we also show our
scheme to be robust to errors and experimental imperfections. Our results seem promising as far as certification of
physical setups is concerned in scenarios where spatial separation between the subsystems cannot be guaranteed.

DOI: 10.1103/PhysRevA.106.012431

I. INTRODUCTION

Multiqubit entangled states constitute a key resource for
various quantum information tasks such as quantum computa-
tion [1,2] and error correction [3,4], quantum communication
[5,6], quantum simulations [7,8], and cryptographic protocols
[9,10]. To realize genuine quantum technologies employing
such tasks, the back-end user should be guaranteed that the
quantum devices work as specified by the provider. The
standard state verification schemes based on quantum tomog-
raphy [11,12], however, suffer from two problems: they are
unfeasible for larger systems and require using trusted and
well-characterized measuring devices.

Observing nonclassical correlations through the violation
of a Bell-type inequality [13] can be used to detect entan-
glement in a device-independent way; i.e., it implies the
presence of entanglement without the need to have a trust
in the measurement devices. This property of the violation
of Bell inequalities makes them a useful resource for imple-
menting quantum information protocols such as quantum key
distribution in a device-independent way [14]. Remarkably,
maximal quantum violation of certain Bell inequalities can
be used to demonstrate a phenomenon called “self-testing
of quantum states and measurements” [15,16], which can be
used to provide device-independent characterization of quan-
tum devices. Recently, such a form of certification based on
the phenomenon of nonlocality has been explored extensively.
For instance, several self-testing statements for multiqubit
graph states were recently derived in Refs. [17-19]. However,
genuine demonstration of the violation of Bell inequalities
requires a spatial separation between the subsystems.

Sequential quantum measurements on a single system can
be used to observe quantum contextuality [20] and tempo-
ral quantum correlations [21-23] through the violation of
suitable inequalities. Apart from the foundational relevance
of these two notions of nonclassicality, on one side, they
have been explored as a resource for quantum information
applications such as measurement-based quantum computa-
tion [24-27]. On the other side, they have also been used
for certification of relevant quantum properties such as the

2469-9926/2022/106(1)/012431(16)
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dimension of the underlying quantum system [28,29]. More
importantly, contextuality and temporal correlations have also
been exploited for certification of quantum states and/or mea-
surements [30-34].

Motivated by the above results, in this work we introduce
a family of noncontextuality inequalities that are maximally
violated by many-qubit quantum systems and certain pairs of
anticommuting observables. In constructing our inequalities
we exploit the multiqubit stabilizer formalism known for its
use in quantum error correction [35-37]. These inequalities
are scalable in the sense that the number of expectation values
they are built from scales polynomially with the number of ob-
servables, 2n, that are measured; yet their maximal violation
can be achieved by quantum systems of dimension at least
2". From this point of view they can be seen as dimension
witnesses. In the particular case n = 3 our family reproduces
an inequality that in the nonlocality context is known as
the Mermin-Ardehali-Belinskii-Klyshko (MABK) inequality
[38—40] (see also Refs. [41—43] for other approaches to reveal
Bell nonlocality or quantum contextuality based on stabilizer
formalism). Yet for n > 3 these families are distinct. We then
show that our inequalities can be used for certification of
multiqubit quantum systems in the sense of Ref. [32]. In fact,
we generalize the results of that work to any number of qubits.

Our work is organized as follows. In Sec. II we outline
the contextuality scenario and provide the definitions of graph
states and self-testing. In Sec. III we present the simplest
inequality designed to certify the three-qubit graph state cor-
responding to the complete graph together with three pairs of
anticommuting observables. In Sec. IV we present a scalable
family of inequalities designed to certify multiqubit quantum
systems. In Sec. V we investigate whether our certification
schemes are robust.

II. PRELIMINARIES

We begin by illustrating our scenario and introducing the
relevant notations and definitions.

©2022 American Physical Society
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FIG. 1. Measurement setup. A contextuality experiment com-
prises of a preparation device P that prepares some quantum state
p which is later measured sequentially by the nondemolishing mea-
surement device with settings .A;; each of these measurements yields
the +1 outcome. Figure from Ref. [33].

A. Contextuality scenario

A standard contextuality scenario is defined by a triple
of sets: a set of measurements, a set of outcomes of the
measurements, and a set of contexts, which are the subsets
of compatible measurements. The notion of compatibility in
a contextuality scenario means that the measurements that
belong to the same context can be performed jointly or in
a sequence in such a way that the observed statistics are
independent of the order in which these measurements were
performed. In the latter case, however, the measurements are
nondemolishing, meaning that they do not physically destroy
the system.

Each run of the experimental observation comprises of
preparation of a physical system followed by a sequence
of nondemolishing measurements in a device as depicted in
Fig. 1. The measurement device has no memory and returns
only the actual postmeasurement state. The measurement de-
vice has different settings, each of which yields two outcomes
which we label by £1. The contexts will be defined in the spe-
cific scenarios studied. Let us stress here that in the quantum
case the above scenario comprises the most general situation
in which the physical system is described by a mixed state and
the measurements need not be projective.

After repeating this experiment many times, one esti-
mates the joint probabilities of obtaining the outcomes of
measurements that are performed on the preparation and,
consequently, their correlation functions, which are average
values over the outcomes of the measurements. For instance,
if the measurements A, A,, and A3, which belong to the same
context, are performed in sequence or jointly, we can estimate
the 23 joint probabilities p(ay, az, az|A1, Az, Az) as well as the
correlation function

(A1A2A3) = Z ayamazp(ai, az, az|Ay, Ay, Az). (1)
ai==x1

This notation can be naturally extended to any sets of compat-
ible measurements.

To reveal contextuality in the experiment one typically uses
noncontextuality inequalities as violation of such inequalities
by the joint probabilities implies that any noncontextual hid-
den variable model cannot reproduce them [20]. Typically
such inequalities are defined in terms of linear expressions
composed of correlation functions. For instance, in a scenario
where the measurements are performed in triples, we can

consider the following form of inequality:

T:=) cijuldidjAr) < ne < ng. )
ijk
where c; j are real coefficients to be chosen, and n¢ and 7o
are the classical and quantum bounds.

If there is a noncontextual hidden variable model that
describes the joint probabilities, then the inequality with
the classical bound n¢ is satisfied. Here, the meaning of
classicality is mathematically defined as the existence of
a noncontextual hidden variable model, for which the ex-
pectation values in Eq. (2) factorize and each individual
expectation value is deterministic, i.e., (A;A;Ax) = a;a;ay,
with a; € {+1, —1}. Consequently, the classical bound 7¢ of
Eq. (2) can be derived as the maximum value that can be
attained by any such model,

Nc = max E cijraiajay |. 3)
a;=%1 —
i.J,

On the other hand, the quantum bound of the inequality is
defined as the optimal value of the linear expression obtained
over all the possible quantum states and measurements in
any Hilbert space. Since we do not specify the dimension of
the underlying Hilbert space, without any loss of generality,
we can assume that the measurements are projective and the
state is pure (see, e.g., Ref. [32], where an extension of the
Neumark dilation theorem is proven). In other words, any
correlations obtained within the above experiment can always
be reproduced with a pure state and projective measurements
satisfying the same compatibility relations.

For instance, in the case of the inequality given in Eq. (2)
the quantum bound is evaluated to be

No = sup Zci,j,ktr(pAiA_jAk) , 4)

isP ij.k
where the observables A; are Hermitian operators acting on
a Hilbert space H and satisfying A? = 1 for any i and p =
[y )| is some pure state that describes the preparation.

Our aim here is to introduce certain noncontextuality in-
equalities that are scalable in the sense that the number of
expectation values they consist of grows polynomially with n
and, at the same time, their maximal violation can be achieved
only by quantum systems of dimension 2". We also explore
whether these inequalities can be used for certification of
quantum states and measurements.

B. Graph states

A graph G = (V, £) is a mathematical object defined by a
set of vertices V and a set of edges £ that connect some pairs
of vertices. By V(i) we denote the neighborhood of the vertex
i, that is, a set of those vertices that are connected to i by an
edge. Also, we call a graph connected if any two vertices are
connected by a path composed of edges.

Interestingly, one can exploit the notion of a graph to
define classes of pure entangled multipartite states. While in
principle there are many ways of doing that, here we follow
the definition based on the stabilizer formalism [44] (see also

012431-2
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FIG. 2. Two nonisomorphic graphs with three vertices.

Ref. [45] for a review on graph states). It allows one to as-
sociate an N-qubit entangled state to any connected N-vertex
graph G.

In order to present the construction consider the Pauli ma-

trices
0 1 0 -1 1 0
() =0 9) 6 b)) e
Now, to each vertex i € )V one associates an N-qubit operator
G, defined as

Gi=X8 @ 7 (6)
JEN ()

where the single X acts on site i, whereas the Z operators act
on all sites that belong to the neighborhood N (i) of i. Having
introduced the G; operators we define the graph state.

Definition 1. We define the graph state |G) associated to
the graph G = (V, £) as the unique state stabilized by the
corresponding operators G; (6), that is,

Gi|G) =|G), Vi=1,...,N. @)
In other words, |G) is the unique common eigenstate of all G;
corresponding to eigenvalue +1.

The operators G; are usually called the stabilizing opera-
tors. Notice also that they mutually commute and the Abelian
group generated by them is called a stabilizer.

Two simple examples of connected graphs with three ver-
tices are depicted in Fig. 2. The graph on the left is a complete
graph, i.e., one in which any vertex is connected to any other
vertex by an edge. The unique three-qubit state associated
to this graph is stabilized by the following three stabilizing
operators,

GI=X®ZRZ, (®)
G=Z03XQ®Z, )
Gi=ZQZ®X, (10)

and can be stated as
1

V8

+1001) — |101) — |011) — |111)). (11)

|G’y = —(]000) + [100) + [010) — [110)

The graph on the right-hand side in Fig. 2 is nonisomorphic
to the complete graph. The unique three-qubit state associated
with this graph is stabilized by

GI=XQ®Z®Z, (12)
G,=Z®X®1, (13)
G=ZR1®X, (14)

and is given by

1
(1000} 1100} +(010) — [110)

G// —
1G™) NG

+1001) + [101) — [011) + |111)).  (15)

Let us notice that although both these exemplary states
|G') and |G”) correspond to nonisomorphic graphs, they
are actually equivalent to the same three-qubit Greenberger-
Horne-Zeilinger (GHZ) state,

L
V2

by suitable local unitary transformations.

In the context of multipartite qubit states such a vertex
is associated to a qubit and edges represent entanglement
between qubits. However, in our scheme that we propose for
certification of such a multiqubit state, we do not assume that
there exists a local Hilbert space corresponding to each vertex.

Let us finally notice that the construction of the graph
state corresponding to the three-vertex complete graph can
be generalized to any number of qubits. The corresponding
stabilizing operators are given by

|GHZ) = (]000) — |111)), (16)

G =2 Zi1\XiZi - Zy, )

with i =1, ..., n. They stabilize an n-qubit graph state that
is local-unitary equivalent to the GHZ state (1/ ﬁ)( |0Y®" +
[1)®").

C. Self-testing

Self-testing, originally defined in Ref. [15] in the context
of nonlocality, aims to certify an unknown quantum state and
a set of measurements based on statistics obtained in an exper-
iment, up to certain unitary equivalence and the existence of
auxiliary degrees of freedom. Self-testing based on violation
of Bell inequalities is by definition a device-independent task
as it does not depend on any assumption on the state and
measurements. In a Bell test, the assumption of commutativity
between the measurements arises due to the fact that spatially
separated subsystems cannot communicate instantaneously
with each other.

Self-testing statements based on violation of noncontextu-
ality inequalities require, on the other hand, the assumption
of compatibility of measurements. First, contextuality-based
self-testing was defined in Ref. [31] in a similar way to how
self-testing is defined within the Bell scenario. Here we pro-
vide a slightly different definition that takes inspiration from
Ref. [32] (see also Ref. [33]) and fits better the inequalities
introduced here.
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To this aim, let us consider again the experiment described
in Sec. IT A, but now we assume that both the state (in gen-
eral mixed) and measurements (in general nonprojective) are
unknown; still, the measurements obey certain compatibility
relations. Since we do not specify the dimension of the under-
lying Hilbert space, without loss of generality, we can assume
that the measurements are projective and the state is pure (see,
e.g., Ref. [32]). In other words, any correlations giving rise to
the violation of the noncontextuality inequality can always be
reproduced with a pure state p = |y }1/| and observables A;
obeying A? = 1, all acting on some Hilbert space of unknown
dimension H. These observables obey the same compatibility
relations.

At the same time we consider a reference experiment with
a known pure state |1/) € C? for some d and known ob-
servables A; acting on C? that obey the same compatibility
relations.

Definition 2. Suppose an unknown state |) € H and a set
of measurements A; violate a given noncontextuality inequal-
ity maximally; then this maximal quantum violation self-tests
the state |/) € C? and the set of measurements A; if there
exists a projection P : H — C¢ and a unitary U acting on C¢
such that

Ut(PA; PHU = A4, (18)
UPIY)) = |9). (19)

Speaking alternatively, the above definition says that based
on the observed nonclassicality one is able to identify a
subspace V = C? in H on which all the observables act in-
variantly. Equivalently, A; can be decomposed as A; = A; ®
Aj, where A; acton V, whereas A’ act on the orthocomplement
of V in H; in particular, A}|y) = 0. Moreover, there is a
unitary Ut A; U = 4;.

III. THE SIMPLEST INEQUALITY AND SELF-TESTING
OF THREE-QUBIT GRAPH STATE

A. Simplest inequality

Here, we consider a noncontextuality inequality that allows
for self-testing the complete graph state of three qubits and
simultaneously a set of six dichotomic observables denoted by
A;and B; (i, j € {1,2,3})such that {A;, B;} =0 (i =1, 2, 3).
The measurement outcomes are labeled by +1, which means
that the measurement operators have eigenvalues £1 and thus
they satisfy A? = B? = 1.

The compatibility hypergraph of the scenario is depicted
in Fig. 3. A compatibility hypergraph is one in which the
vertices are associated with the measurements of the scenario
and the hyperedges represent the contexts which are subsets
of compatible measurements. The noncontextuality inequality
we consider is given by

15 := (A1B2B3) + (B1A2B3) + (B1B2A3) — (A1A243)
<ne=2<np=4. 20)
The above inequality is equivalent to a noncontextuality
inequality employed in Ref. [46] to demonstrate quantum

contextuality of a single eight-dimensional quantum system.
In the context of the Bell scenario it is the well-known MABK

B, A, B,
. /9

B,

FIG. 3. Hypergraph [47] of compatibility of the Kochen-Specker
contextuality scenario associated to inequality (20). In this hyper-
graph, the vertices represent the observables of the scenario and the
hyperedges represent the contexts. The red hyperedges are associated
to the correlators which enter inequality (20) with +1 and the blue
to correlators corresponding to the negative sign. Here the colors are
conveniently chosen in order to elucidate symmetric properties of the
inequality.

inequality [38—40] for which a non-locality-based self-testing
statement was derived in Ref. [17].

Following the argument in the previous section, the clas-
sical bound of the above expression can be obtained by
assigning the values £1 to each variable A; and B; which
implies nc = 2. At the same time, the algebraic maximum
of 73 is four since the correlators can take a value between
—1 and +1, and, importantly, it equals the maximal quantum
value of 73, that is, np = 4. Indeed, it can be checked that the
following set of measurements,

A=X®1®1, B =ZQ1®1,
A=10XQ1, B=10Z®1,
A3=1010X, B=111QZ, (21)

together with the complete graph state |G’) given by Eq. (11)
give rise to the algebraic maximum. This follows from the
fact that for this choice of observables, the first three terms of
the inequality correspond to the stabilizing operators G; given
in Eq. (8), whereas the last one corresponds to their product
G1G2G3 = —-X1XxX;.

Let us notice that almost all pairs of these observables
commute except for those with the same subscripts which
anticommute, that is,

[Ai,A;]1=1[A;, Bj]=[B:,B;]=0 (i#)) (22)
and

(A B} =0 (i=1,273). (23)
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For further convenience let us also comment on the sym-
metries of inequality (20). A simple way to visualize these
symmetries is by using the compatibility hypergraph of the
scenario that is represented in Fig. 3. For instance, note that
under the relabeling of the measurements A; <> A; together
with B; <> Bj, i.e., a permutation of subscripts i <> j, the
inequality remains the same. We can also observe that a cyclic
permutation of measurements A; — A, — A3 — A together
with B3 — B} — B, — Bj does not change the structure of
the hypergraph and therefore the inequality remains the same.
Other symmetries can be found just by looking at the hyper-
graph since it captures the intrinsic structure of the associated
inequality. The above symmetries as well as the structure
of the 75 expression will be vital for our considerations, in
particular, for generalizing this inequality into a family of
inequalities maximally violated by n-qubit GHZ states and n
pairs of anticommuting observables.

B. Self-testing

We now prove that the maximal quantum violation of in-
equality (20) can be used for certification of the GHZ state
(11) along with the observables (21). To this aim, consider
a quantum realization given by a pure state |¢) € H and a
set of quantum observables A;, B; with i, j = 1, 2, 3 acting on
‘H, where H is some unknown Hilbert space. We additionally
assume that these observables obey the compatibility relations
presented in Fig. 3, which translate into the commutation
relations in Eq. (22).

Assume then the correlations obtained by measuring A; and
B; on the state |) attain the quantum bound of inequality
(20). This directly implies that the first three terms in Z;
take value 1, whereas the last term equals —1, which via the
Cauchy-Schwarz inequality translate to the following equa-
tions:

AByB3|¥) = |¢) and permutations, 24)
B1A;B3|yr) = |¢) and permutations, 25)
BBAs|¥) = |¢) and permutations, (26)
A1AA3|Y) = —|¥) and permutations, 27)

where “permutations” refers to the fact that the above rela-
tions also hold if we permute the observables, which is a
consequence of the commutation relations (22). One directly
deduces from these identities that

AB1|Y) = A1AxBs|yr) = —BsAs|Yr)
= A1A3By|Y) = A3Bs|Y), (28)

where in the first line we used Bi|Y¥) = AxBs|y) from
Eq. (25) and then the fact that B; commutes with A; and A,
along with the relation A1A;|Y) = —As|¢) that stems from
Eq. (27). On the other hand, in the second line, we used
Bi|Y¥r) = A3By| ) from Eq. (26) and A Bz |¥) = As|y) from
Eq. 27).

Let us now employ the symmetries of the inequality. In-
deed, as already mentioned, it is invariant under simultaneous
permutations A; <> A; and B; <> B; for any i # j, and there-
fore one can straightforwardly infer from Eq. (28) that the

following chain of equalities holds true:

AB|Y) = AyBo|Yr) = A3Bs|yr)
= —BiA 1Y) = —ByAs|¥) = —B3As3|Y).  (29)

From the above equations it follows that the operators A; and
B; withi = 1, 2, 3 anticommute when acting on the state |),
ie.,

{A1, Bi}|Y) = {A2, Bo}|Y) = {A3, Bs}[¥) = 0. (30)

Inspired by the approach of Ref. [32], we now define a
subspace

Vo= span{|yr), A1), A2 |¥), As|¥),
B\|Y), B2|y), Bs|yr), AiBiyr)}, (31)

and prove the following fact for it.

Lemma 1. V is an invariant subspace of all the observables
Ajand Bj for i, j € {1, 2, 3}.

Proof. One can verify with the aid of Egs. (24)—(27) that
the action of the operator A; on the eight vectors spanning
V is a permutation of these vectors up to the factor —1. In
exactly the same way, one shows that B;V C V. Therefore,
we conclude that the subspace V is invariant under the action
of the observables A; and B;. By the symmetry of inequality
(20) it then follows that the subspace V' is invariant under the
action of all observables A; and B; for i, j € {1, 2, 3}. |

It should be noticed that due to Eq. (29), the subspace
V stays the same if one replaces the last vector A;B;|y{) in
Eq. (31) by A2Bx|r) or A3Bs|vr).

Due to Lemma 1, it suffices for our purpose to identify the
form of the state |v/) and the operators A; and B; restricted to
the subspace V. In fact, the whole Hilbert space splits as H =
V @ V1, where V1 is an orthocomplement of V in H. Then,
the fact that V is an invariant subspace of all the observables
A; and B; means that they have the following block structure:

A;=A;®A, B;=B;®B, (32)
where A; = PA;P and analogously B; = PB,P with P: H —
V being a projection onto V. Since A; and B;- act trivially on
V, that is, A}V = B’jV = 0, which means that the observed
correlations giving rise to the maximal violation of inequality
(20) come solely from the subspace V, in what follows we can
restrict our attention to the operators A; and B;.

First, from the fact that A; and B; are observables obeying
A} = B = 1, it directly follows that A;, B; are observables
too and satisfy

A=B=1y (.j=1223), (33)

where 1y is the identity acting on V. Second, Eq. (32) implies
that the hatted observables must obey the same commutation
relations as A; and B;, that is,

[A,Aj1=1[Ai, Bl =[Bi.B1=0 (i#)). (34

Third, it turns out that relations (30) force A; and B; to anti-
commute on the subspace V.

Lemma 2. Suppose the maximal quantum violation of in-
equality (20) is observed. Then, {Ai, B} =0 for all i€
{1, 2, 3}.
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Proof. Let us focus on the first pair A; and B;. By checking
the action of {A}, B;} on all the eight vectors that span the sub-
space V we can conclude that {A1, B;} = 0. Indeed, Eq. (30)
implies that {A|, B;} vanishes when acting on |{). Then, for
Aq|Yr) one has

{A1, Bl}AIlY) = (A1B1A| + B))lY) =0, (35)

where the second equality follows again from Eq. (30). For
As|Yr) and Az|¢) we can use the fact that A; and B; commute
with A, and A3, which gives

{A1L BAlY) = A{AL BillY) =0 (1=2,3).  (36)

In exactly the same way one deals with the vectors B;|v).
Finally, for the last vector in Eq. (31), A{B;|y), one has

{A1, Bi}A1B1|¥) = (A1B1A 1B + 1)|y) =0, 37)

where to get the last equality we use Eq. (30). Owing to the
bleckA form of A; and B; in Eq. (32), all this implies that
{A;, B} =0.

One more time, by the symmetries of the inequality, we
can draw the same conclusions for the remaining pairs of the
observables A; and B;. As a result {Ai, EE,-} =0fori=1,2,3,
which completes the proof. |

With Lemma 2 at hand, we can now employ the standard
approach that has already been used in many non-locality-
based self-testing schemes [17,18,48,49]. Precisely, using this
approach we can first infer that the dimension d of the
subspace V is even. To see this, note that from the above
anticommutation relation between A; and B; we have

A,’ = —BiAiéi or Ei = —AiéiAi, (38)
which after taking trace on both sides simplifies to tr(4;) =
tr(B;) = 0. It then follows that both the eigenvalues +1 of
each observable A; or B; have equal multiplicities. This clearly
implies that the dimension d = dimV is an even number,
d = 2k for some k € N, and thus V = C? ® CF. On the other
hand, since dim V' < 8, one concludes that k = 2, 3, 4.

The fact that A; and B, are traceless means also that the
operators A, and B, are equivalent to X ® 1; and Z ® 1; for
some k = 2,3,4 up to some unitary operation (see for in-
stance Appendix B in Ref. [48] for the proof of this statement).
This observation is one of the key ideas behind the proof of the
following lemma.

Lemma 3. Suppose the maximal quantum violation of in-
equality (20) is observed. Then, there exists a basis in V such
that

AA=X®1®1, B=Z0111,
A=10XQ®1l, B=18Zx1,
AA=11QX, B=1®1®Z (39)

Proof. First, from Lemma 2 we have {A, B;} = 0 which
implies that there exists a unitary U, acting on V such that

UAU =X @1y, (40)
U BU =Z® 1y, 41)

where, as already mentioned, the dimension d of the subspace
V is given by d = 2k for some k = 2, 3, 4. Using then the

above form of A; and B; and the commutation relations (22)
we can write the other operators as follows:

Ul AU =1,®M, 42)
Ul B,Uy =1, ®N, (43)
U AU =1, 0, (44)
U BU =1, ®P, (45)

where M, N, O, and P are Hermitian involutions acting on the
subspace of dimension k. To show explicitly how the above
equations are obtained let us focus on A,; the proof for the
other observables is basically the same. Since A, acts on €2 @
Ck, it can be decomposed in the Pauli basis as

UiAQUi=1, M +X @M, +Y @My +Z @M, (46)

where Y is the third Pauli matrix and M; are some Hermitian
matrices acting on Ck. Now, it follows from the fact that Az
commutes with A;, that M3 = M, = 0. Then, from [A,, B]
one obtains that M, = 0, and, by putting M; = M, we arrive
at Eq. (42).

Second, from Lemma 2, we have {Az, éz} = 0 which is
equivalent to {M, N} = 0. Since both M and N are involutions,
one concludes, as before, that k = 2k’ for k' = 1, 2, or, equiv-
alently, that C* = 2 ® CF. Moreover, there exists another
unitary transformation U, : Ck — C* such that

Uy MU, =X ® 1y, (47)
UNU, =Z® 1. (48)
Finally, to learn the form of O and P we can again employ

the commutation relations (22). They imply in particular that
[M, O] =[N, O] = [M, P] = [N, P] = 0, and consequently,

0=1,0, P=1,QP, (49)

where O’ and P’ are some operators acting on CX such
that [0']?> = [P']* = 1. Additionally, due to the fact that
(A3, B3} =0, they must anticommute, {O’, P’} = 0. This
means that k&’ = 2 and that there exists a unitary operation Us
acting on this qubit Hilbert space such that

UjOU,=X, UjPU=2Z (50)

Taking all this into account, one finds that V = C’®
C? ® C? and that there exists a single unitary operation
U=U;(1,®U;)(1, ® 1, ® U3) on V which brings all the

observables A; and B; to the form in Egs. (39). |
We have thus arrived at one of our main results of this
paper.

Theorem 1. If a quantum state |¢) and a set of mea-
surements A; and B; with i, j € {1,2, 3} maximally violate
inequality (20), then there exist a projection P : H — V with
V = (C*)®? and a unitary U acting on V such that

U'(PA,PHU =X, (51)
U'(PB,PHU =z, (52)

where X; and Z; are X and Z Pauli matrices acting on qubit i,
and

UPlY)) =1G) (53)
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with |G) being the three-qubit complete graph state defined in
Eq. (11).

Proof. A quantum state |i) that belongs to a Hilbert space
‘H and a set of observables A;, B; acting on # attain the
maximal quantum violation of inequality (20) if and only if
they satisfy the set of Eqs. (24)—(27). The algebraic relations
induced by this set of equations let us prove Lemmas 1-3
which imply that there exists a projection P : H — V = 3
andaunitary U = U (1, ® U>)(1, ® 1, ® Us) actingonV =
C3 for which Egs. (51) hold true.

From the above characterization of the observables we can
infer the form of the state |¢). Indeed, after plugging Eqgs. (78)
into the conditions (24) one realizes that the latter are simply
the stabilizing conditions of the graph state associated to the
complete graph of three vertices given in Eq. (11) and thus
U|y) = |G’). This completes the proof. |

A few comments are in order. The first is that the tensor
product structure here is just a suitable mathematical tool
we used to represent our results. We know that in composite
quantum systems the Hilbert space of the whole system is a
tensor product of the Hilbert spaces of the separate subsys-
tems; however, it has to be clear that in Theorem 1 we do not
assume the whole system to be composite.

The second comment is that the certification statement
made in Theorem 1 involves a global unitary operation which
means that any state from V can in fact be chosen as the
reference state, even a fully product one. Thus, Theorem 1
cannot be understood as a certification of only the state, but
rather as a certification of a state and a set of measurements at
the same time. Or, more precisely, it is a certification of how
measurements act on the state or what the relation between a
state and measurements is; this relation is basis independent.

One way to get rid of the above ambiguity is to assume
that the quantum system at hand is composed of spatially
separated subsystems on which the verifier can perform local
measurements. Such an assumption allows them to use Bell
nonlocality to deduce the form of the state. For instance for
the GHZ state of three qubits a self-testing statement based on
the violation of inequality (20) was derived in Ref. [17].

To illustrate the difference between contextuality and non-
locality-based certification let us consider another set of
quantum observables on C? defined as

AA=X®1®1, A=10XK®Z A;=10Z1X,
B=ZR1®1, B=18Z81, B=1811®Z
(54)

Clearly, these observables, similarly to those in Eq. (21),
satisfy the commutation and anticommutation relations in

|

Egs. (22) and (30). Moreover, they give rise to the maximal
violation of inequality (20) together with the graph state |G”)
corresponding to the linear graph in Fig. 2. However, while
both the graph states |G’) and |G”) are equivalent under local
unitary operations and thus cannot be distinguished within
both approaches to self-testing, the sets of observables in
Egs. (21) and (54) are certainly not; they are equivalent under
global unitary operations. Thus, the maximal violation of the
Bell inequality (20) would allow one to distinguish between
these two sets, while standard quantum contextuality does not
allow to do that.

IV. A SCALABLE INEQUALITY AND SELF-TESTING
OF MULTIQUBIT GRAPH STATES

In this section we design a family of noncontextuality in-
equalities which is scalable and aimed to certify multiqubit
quantum systems. These inequalities are scalable since the
numbers of measurements and correlators increase polynomi-
ally with the number of vertices of the respective graph state.
The inequality we propose in Eq. (57) generalizes the inequal-
ity given in Eq. (20) and has this inequality in the heart of
the construction since the structure of the simplest inequality
appears as the building blocks of the general construction. We
prove that the inequalities are useful for certification purposes.

A. Scalable noncontextuality inequalities

First, let us consider a set of 2n observables denoted by
Ay, ..., A, and By,...,B,. They are assumed to mutually
commute except for pairs A;, B; withi € {1, ..., n}, that s,

[A;,Aj1=[B;,Bj]=[A;,B;1=0 (#j). (55

We now describe our construction of the noncontextuality
inequalities. We first consider a sum of n expectation values
of the form C; = (B;---Bi_1A;Bix1---B,) fori=1,...,n
which involve n — 1 different B; observables and a single
observable A;. Then, for any choice of three out of n such
different correlators C;, C; and Cy (i # j # k) we consider
another correlator that we subtract from the sum. It is given by

(By--- Ai--- Aj---Ap---B,) (56)

and consists of three observables A;, A;, and Ay and n —3
observables B,, with m # i, j, k. In this way we obtain
n—+ (g) expectation values from which we construct our
noncontextuality inequality,

1, = a,({A1B2B3By - - - B,) + (B1A2B3By - - - B,) + (B1B2A3By - - - By) + - -+ + (B1B2B3By---Ay))

— (A1A2A3B4 - -+ B,) — (A1A2B3A4 -+ -By) — - -

where the constant «, = (";1) has been added for further
convenience.

— (B -~

’Bn—3An—2An—1An) < ngl) < n(Qn) = oph + (;l)a (57)

(

It is not difficult to see that for the case n = 3 the above
inequality reproduces the one in Eq. (20). While, as already
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FIG. 4. Hypergraphs of compatibility of subsets of observables
related with two choices of subsets of correlators in Eq. (58). On
the left we have the hypergraph associated with the subscripts 1, 2,
and 3, and on the right side with the subscripts 1, 2, and 4. These
two hypergraphs also represent the compatibility structures of the
observables corresponding to the simpler inequality (20) and another
such simpler inequality with the observables A; and B;, with i, j =
1,2, 4, respectively. These two compatibility structures serve as the
building blocks to construct inequality (58).

mentioned, for n = 3 it is equivalent to the MABK inequality
[38—40] if the commutation relations between the observ-
ables are satisfied due to the spatial separation between the
subsystems, for n > 3 this is not the case. The number of
terms in the MABK Bell-type inequalities grows exponen-
tially with n, whereas in our noncontextuality inequalities this
number scales only polynomially with n. In Refs. [18,42,50]
other Bell-type inequalities were designed for the graph states
which again scale exponentially or linearly; thus, they differ
from our inequalities. Our inequalities (57) are designed such
that they are suitable for the purpose of certification. It is also
important to notice that our inequality is constructed in such
a way that for every three different correlators that enter Z,
with 4 and the associated “negative” one, the noncommon
observables appearing in all these four correlators adopt the
compatibility structure from the simplest inequality for n = 3.
To illustrate this with an example let us consider the inequality
forn = 4:

14 = 3((A1B2B3B4) + (B1A2B3B4) + (B1B2A3B4)
+ (B1B2B3A4)) — (B1A2A3A4) — (A1B2A3Ay)
— (A1A2B3A4) — (A1A2A3By)
< <y = 16. (58)

Figure 4 presents the compatibility structures of the common
observables for two choices of such four-element subsets of
expectation values in Z4. The first subset consists of the first
three terms with a + sign and the last one with a — sign, all
containing observables A}, A;, and Az, whereas the second set
is composed of the first, the second, and the fourth “+” terms
in Z, and the third “negative one,” all of them containing A,
A,, and Ay.

Inequality (57) is nontrivial for any n, i.e., n(cn) < ng) . To
prove this statement, let us first notice that its quantum bound
is ng) = na, + (3) and can be attained by the following ob-
servables,

Ai=X;, B;j=1Z, (59)

and the unique graph state |G,) associated to the complete
graph of n qubits and stabilized by the operators in Eq. (17).
In fact, plugging Eqgs. (59) into the expression for Z, one real-
izes that all correlators with + correspond to the stabilizing
operators G;, whereas those entering 7, with a minus sign
correspond to products of triples of different G;’s.

Let us then estimate the maximal classical value n(C" ), and,
for pedagogical purposes, we first consider the case n = 4 for
which the expression Z, can be stated as

Iy = ((A1B2B3Bs) + (B1A2B3B4) + (B1B2A3By)
— (A14A2A3B4)) + ((A1B2B3Bs) + (B1A2B3By)
+ (B1B2B3A4) — (A1A2B3A4)) + ({(A1B2B3By)
+ (B1B2A3B4) + (B1B2B3A4) — (A1B2A3A4))
+ ({(B1A2B3B4) + (B1B2A3B4) + (B1B2B3A4)
— (B142A3A4)), (60)

where each line in the right-hand side of the above equa-
tion corresponds to a lifting of I3 to n = 4. Due to the fact
that in each line we have basically the inequality for n = 3,
it is not difficult to see that for noncontextual models, |Z4| <
4 x 2 = 8, which is clearly smaller than the maximal quantum
value '78) = 16. To prove that the same holds true for any #, it
suffices to notice that, analogously to Z4, Z, can be rewritten as
asum of (3) terms that are liftings of Z3, and thus n(C") <2(%).
At the same time, n(Q”) = n(";1 )+ (’31) and thus ng’) > n(c") for
any n > 3.

B. Certification based on the noncontextuality inequality

Let us now show how the above inequality can be used for
certification of the complete graph state and n pairs of anti-
commuting observables. To this aim, we assume that a state
|[Yr) € H together with a set of 2n dichotomic observables
A; and B; acting on ‘H maximally violate Eq. (57). Then, as
in the case n = 3, this implies the following set of n + (%)
equations:

By --- Bi1AiBi1|Y) = |¥) (61)
withi=1,...,n,and
By A Aj - Age BylY) = — ) (62)

for any choice of i, j,k = 1,...,nsuch thati # j # k.
As a consequence of these equations, we have

A1Bi|Y) = A1A2B3By - - - Bulr) = ArBalyr), (63)

where the first and the second equality stem from Eq. (61) for
i =2 and Eq. (61) for i = 1, respectively. Then, by applying
Eq. (62) fori = 1, j = 2, and k = 3, one obtains

ABi|Y) = =B3As|y). (64)
On the other hand, using Eq. (61) with i = 3 we can write
A1B1|Y) = A1A3ByBy - - BulYr) = AsBs|Yr), (65)

where the second equation is a consequence of Eq. (61) for
i = 1. Simultaneously, an application of Eq. (62) for i = 1,
Jj =2, and k = 3 to the second terms in the above gives

A1B|Y) = —BAx|vr). (66)
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Note that our inequality is designed in a such way that
it is symmetric under any permutation of subscripts; i.e., it
is invariant under the transformations A; <> A; together with
B; <> B;. This when applied to Egs. (63)—(66) results in the
following relations:

AiBi|Y) = AjBj|Y) = —BiAi|Y) (67)
fori, j € {1,2,...,n}. In particular, A; and B; anticommute:
A, Bi}ly)=0 (i=1,...,n). (68)

Having established the key relations between the state and
the observables, let us now, analogously to the case n = 3,
identify a subspace of the Hilbert space H which is invariant
under the action of all observables A; and B;. The subspace is
given by

Vl’l = Span{|w>’Bi1|w>5BilBlle//>v e ’BilBiz e Bik|1/,>7
"'7Bi1Bi2"'Bl'”fl'w)sBl"'Bn|¢>}s (69)

wherei; =1,...,nforany jandi; <ip <---
in—1-

For instance, in the simplest cases of n = 3 and n = 4, the
above construction gives

Vs = span{|y), BilY), BiB,|V), BiB2Bs[yr)}  (70)

<pp<---<

and
Va=span{|yr), Bi|lYr), BiB;|{r), BiB;Bi|{), BiB2B3B4|vr)}
(71)
with i, j,k=1,...,nand i < j < k. In particular, V3 is ex-

actly the same as the one defined in Eq. (31); due to Eq. (61),
BiB;|Yyr) = A¢lyr) withi # j # k and BBy Bs|y) = A1B1[Y).

Let us then notice that the number of vectors spanning
V, is 2". This is because each subset of vectors of the form
A ---Ap|Y) fori; < --- < i contains (Z) elements, and we
have n + 1 such subsets indexed by k =0, ..., n. Thus the
total number of vectors can be counted as

n

n
Z<k> =41y =2, )

k=0

meaning that dim V,, < 2". In fact, as we show later dim V, is
exactly 2".

Our aim now is to identify the form of the operators A; and
B; projected onto the subspace V,,. The idea of the proof of
self-testing is similar to those we used in the case n = 3.

Lemma 4. The subspace V,, of H,, is invariant under the
action of the operators A; and B; for i, j = {1, 2, ..., n}.

Proof. It can be checked that the action of any operator A;
or B; over all the set of 2" elements that generate the subspace
V,, is, up to the factor —1, a permutation over this set. Indeed,
the action of B,, on vectors of the form B;, - - - B; |{) withi; <

- < iy for k=1,...,n returns vectors of a similar form
with k — k — 1 if m equals one of the subscripts i1, ..., i, or
with k — k + 1 otherwise. In both cases the resulting vectors
are already in V,,.

Let us then consider the A; observables. Due to Eq. (61)
and taking into account the commutation (55) or anticom-
mutation (68) their action on the vectors spanning V, can
always be represented as an action of a product of n — 1
different B; observables. Thus, when applied to B;, - - - B, [¥)

with i} < --- < i, for k =1,...,n they will again produce
vectors involving products of B; operators that are already in
V... This completes the proof. |

This is a key step of our considerations because, taking
into account the fact that A; and B; are quantum observables,
Lemma 4 implies that they can be represented as a direct sum
of two blocks,

A=A ®A, B =B;®B, (73)

where A; and B; are projections of A; and B; onto V), that is,
A; = P,A;P, and B; = P,A,P, with P, : H,, — V,, denoting the
projector onto V,. On the other hand, A} and B, are defined on
the orthocomplement of V), in the Hilbert space H,, that we
denote V,1; clearly, H, =V, ® V..

Importantly, A} and B; act trivially on the subspace V,,, in
particular A}|v/) = B}|y) = 0, and consequently it is enough
for our purposes to characterize A; and B;. Our first step to
achieve this goal is to prove the following lemma.

Lemma 5. {A;, B;} =0forallie{l,...,n}.

Proof. In order to prove this statement we will show that
{A;, B;}V,, = 0O; that is, all these anticommutators act trivially
on any vector from V,. To this aim, let us investigate how
{A;, B;} acts on the vectors spanning V,,. We first see that
{A;, Bi}|¥) = 0 as a direct consequence of Eq. (67). Let us
then consider vectors B;|y). If i # j, we can directly use the
commutation relations (55) to write

{Ai, Bi}B;|¥r) = Bj{A;, Bi}|¥r) = 0. (74)
On the other hand, if i = j, one has
{Ai, Bi}Bi|Y) = (A; + BAB)|Y) =0, (75)

where the last equality is again a consequence of the facts that
AiBi|) = —B;A;|¥) and that B} = 1.

It is not difficult to realize that the above reasoning extends
to any vector spanning the subspace V,,. Indeed, let us consider
vectors of the form By, - -- B |Y) with i; < --- < i for k =
1, ..., nand assume first that all iy, .. ., i; differ from i. Then,
due to the commutation relations, one directly has

{Ai, B}B;, - -- By |¥) =By, --- B, {Ai, Bj}|¥) =0.  (76)

On the other hand, if one of the subscripts, say, i, equals i,
then

{Ai, Bi}B;, - -- Bi|¥) = B, --- B {A;, Bi}B1|v)
= B;, .- B; (A; + B/A;B)|{r)
=0, a7

where the last equality follows from the fact that A; and B;
anticommute when acting on |¥) and from Bi2 =1.

Taking into account that each {A;, B;} is a Hermitian op-
erator and that it acts trivially on the whole subspace V,,, one
directly concludes that {4;, B;} = 0. |

Our next lemma is a straightforward generalization of
Lemma 3.

Lemma 6. Suppose the maximal quantum violation of our
inequality (57) is observed. Then, there exists a basis of V,, for
which

~

Ai=X, B;j=2z. (78)
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Proof. We will proceed recursively starting from the pair
A, and B,. It follows from Lemma 5 that {AAI, Bl} = 0 which
means that the dimension d = dim V,, is an even number, i.e.,
d =2kforsomek =1, ...,2" ! (recall thatd < 2"), and that
there exists a unitary U; acting on V,, such that

U/ A U,
Ul B, U,

=X Q® 1, (79)
=ZQ 1, (80)

where 1; is an identity acting on C*.

Next, to determine the remaining observables A; and B;
we exploit the fact that they all must commute with both A,
and B;. With this aim, we use the fact that V, = C2 ® C* to
decompose A; and B; (i = 2, ..., n) in terms of the Pauli basis
as

UlRU = 10ME+X @ MF +Y @ M} +Z ® MF,
(81)
where R = A, B, and MR are some Hermitian matrices act-
ing on C*. Now, [R;,A;] =0 implies that M¥ = M¥ =0,
whereas from [R;, B;] = 0 one concludes that MR = 0. As
a result, all A; and B; with i =2, ..., n admit the following
representation,

UfAiUi=1,0M, U'BU=1,8N, (82

where M; and N; act on C*; in fact, they are Hermitian
and obey M 2 — Mé = 14, and thus are quantum observables.
Moreover, it follows from Lemma 5 that {M;, N;} = 0 for all
i=2,...,n

We have thus a set of 2(n — 1) quantum observables M; and
N; that satisfy the same commutation and anticommutation
relations as A; and B;, and therefore we can use the above
reasoning again to conclude that the dimension k is even,
that is, k = 2k’ for some k' = 1,...,2"*, and that there is
a unitary operation U, : C* — ©* such that

UiMyUy =X ® 1y, UiNU,=Z®1y, (83)

where 1 is an identity acting on CX". We then use the fact that
the other operators M; and N; withi = 3, ..., n commute with
both M, and N, to see that they are of the foorm M; = 1, Q P,
and N; = 1, ® Q;, where P; and Q; are quantum observables
acting on C*',

It is now clear that the above procedure can be applied it-
eratively many times until all the observables are proven to be
of the form (78), of course, up to certain unitary operation. In
fact, one finds that V,, = (C?)®"; that is, it is an n-qubit Hilbert
space. Moreover, there is a unitary operation U composed of
all the intermediate unitary operations U; such that

U'AU =X, UBU=2Z, (84)

foranyi=1,...,n. [ |

One of the main messages that one takes from this lemma
is that the dimension of V,, is exactly 2"; in other words, V,, is
isomorphic to an n-qubit Hilbert space. In this sense our in-
equalities can be seen as dimension witnesses: the dimension
of the Hilbert space supporting a state and observables giving
rise to the maximal violation of our inequalities must be at
least 2. Moreover, the above lemma implies that a set of n
pairs of anticommuting quantum observables with outcomes
41 that satisfy the commutation relations (55) can always

be represented, up to a single unitary operation, as a tensor
product of single-qubit operators (78). We have thus arrived
at our main result.

Theorem 2. If a quantum state |¢) and a set of dichotomic
observables A; and B; with i, j = {1,2,...,n} give rise to
maximal violation of inequality (57), then there exist a pro-
jection P, : H,, — C?' and a unitary U acting on €' such
that

U'(PA; PYU = A4, (85)
U'(PB; PHU = B;, (86)
U(PlY)) = |Gy), (87)

where A; and B; are defined in Eq. (78) and |G,) is the
complete graph state of n qubits.

Proof. The state /) € H, and observables A; and B; act-
ing on the Hilbert space H, attain the maximal quantum
violation of inequality (57) if, and only if, they satisfy the
set of n + (’;) equations (61) and (62). The algebra induced
by this set of equations allows us to prove Lemmas 4, 5,
and 6; in particular, it follows that there exists a projection
P, :H — V, = C? and a unitary U acting on V,, such that

U'(PA; PHU =X, (88)
U'(PB; P)U = z;. (89)

In this way, the products of observables that appear in the first
n correlators in inequality (57) give stabilizing operators of
the graph state associated to the complete graph with n ver-
tices, whereas the correlators with negative sign correspond to
products of three different stabilizing operators for which the
graph state |G,) is an a eigenvector with associated eigenvalue
—1. Thus the complete graph state will be the unique state that
attains the maximal quantum violation; then

UP|Y) = |Gy). 90)
This completes the proof. |

V. ROBUSTNESS

Here we obtain fidelity bounds on the state and measure-
ments leading to the given nonmaximal violation of inequality
(57) to demonstrate that our scheme is robust to errors and
experimental imperfections. For simplicity, let us focus on the
case of n = 3. Let us say that the maximal quantum violation
of inequality (20) is observed with an € error, i.e., a non-
maximal violation of 4 — € is observed. Then, the correlators
satisfy the following bounds:

(Y |A1B2Bs )
(V|B1A2Bs )
(¥ |B1B2A3 1Y)
— (¥ 1A1A2453|Y)

for some € > 0. We demonstrate that for a small enough value
of €, the quantum realization is close enough to the optimal
quantum realization which leads to the maximal quantum
violation of the inequality. This is the purpose of robustness
analysis that will be presented here; i.e., we show that in the

1 - €,

>
>1-
>1-
>1- (91)
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limit € — 0 the quantum realization is close to the optimal
one.

In the presence of errors, it is not straightforward to
guarantee the existence of an invariant subspace under the
action of the operators A; and B;, as we have in the self-
testing of the optimal quantum realization. However, the
robustness of the protocol can be demonstrated, in a sim-
ilar way to that of Ref. [32], by proving the existence
of an eight-dimensional ideal subspace V together with a
state |1/7) €V and observables A; and B; acting on it such
that their fidelities with the actual state and measurements
approach one in the limit of € — 0. We define the state fi-
delity as F(|¥/), |¥)) := |(/|¥)|?, and the operator fidelity
as F(X;, X;) := (1/8)Tr(X;X;) (with X; = A;), where the 1/8
factor is used to normalize the fidelity since Tr(X;X;) < 8, and
similarly defined between B ; and B;. Formally, we have the
following theorem.

Theorem 3. Suppose a quantum state |¢) and a set of
measurements A;, B; with i, j = {1, 2, 3} in a Hilbert space
‘H satisfy the ideal expectations corresponding to the maximal
quantum violation of inequality (20) to within error €. Then
there exists a projection P : H — V, where dim(V) =38, a
state |1ﬁ) eV and A;, B ; which are Hermitian involutions
acting on V for all i and j such that

(DIAiBBs ) = 1.,
(1BiABs 1) = 1,
(1Bi1BA ) = 1.,

and there exists some unitary U acting on V such that

FU), 1Y) = 1 — e,
FUAU, A)>1—¢€ Vi,

2
F(UB;U",B)) >

1 —¢ Vi,
where €y = 25¢, € = 0, and €, = 4e.

The proof of the above theorem is given in Appendix A.
This theorem implies that there exists a subspace in which,
up to a small enough error, the quantum realization leading
to the nonmaximal quantum violation is close to the optimal
quantum realization up to a unitary. For instance, an error of
0.1% in each expectation value implies that the state fidelity
is not less than 97.5% and the operator fidelities of B; are not
less than 99.6%. Following the proof of Theorem 3, one can
also obtain the fidelity bounds for any n demonstrating the
robustness of the scheme similarly as presented in Theorem 4.

In order to obtain a tight self-testing bound that is appli-
cable to a more noisy practical scenario in which the given
nonmaximal violation is not almost perfect, one may employ
the numerical method to bound the state fidelity as a func-
tion of violation of the noncontextual inequality based on
semidefinite programming relaxations of quantum contextual
sets introduced in Ref. [51] or the analytical method based on
operator inequalities introduced in Ref. [17].

VI. CONCLUSIONS

Quantum contextuality provides a notion of nonclassical-
ity for single systems. Motivated by extending the task of
self-testing based on Bell inequalities to scenarios where en-

tanglement is not necessary or spatial separation between the
subsystems is not required, self-testing of quantum devices
based on quantum contextuality has recently been explored.
In this work we have followed this research direction and have
introduced a family of inequalities revealing quantum contex-
tuality and have shown that they can be used for certification
of multiqubit quantum systems. An interesting feature of our
scheme is that it is scalable: the amount of information about
the observed nonclassical correlations needed to certify the
underlying quantum system grows only polynomially with the
number of qubits that are certified.

Such contextuality-based certification schemes rely, how-
ever, on compatibility relations between the involved mea-
surements and are thus generally difficult to implement in
practice. A natural follow-up of this work would be therefore
to design a scheme for certification built on our inequalities
that does not rely on the compatibility relations, but rather
allows one to deduce them from the observed nonclassicality.
Such schemes for single quantum systems have recently been
proposed in Refs. [33,34] within the sequential measurements
or temporal correlations scenario. It would be thus interesting
to see whether our results can be mapped to this scenario.
Another possible direction for further research is to explore
whether one can improve the scalability of our scheme with
the number of the certified qubits. From a general perspective
it is a highly nontrivial question to ask what is the minimal
information about the observed nonclassical correlations that
enables making nontrivial statements about the underlying
quantum system.
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APPENDIX A: PROOF OF THEOREM 3

Here we present the derivation of robustness of the scheme
given in Theorem 3. This will be similar to the proof of
robustness of the certification scheme given in Ref. [32].

For providing robust self-testing statements in the Bell
tests where dichotomic measurements are implemented [17],
Jordan decomposition for the state and measurements has
been employed to simplify the derivation. In Ref. [32], Jordan
decomposition has also been extended to the contextuality
scenario to provide robust certification of the two-qubit sys-
tem. In Appendix B, we extend this Jordan decomposition to
our scenario to provide the robust certification. According to
this decomposition, we can decompose the Hilbert space H in
which the state and measurements leading to the violation of

our inequality act as
"= @
1

where each H,; has dimension at most eight and is invariant
under the action of A; and B;.

(AD)
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With respect to decomposition (A1), the state |ir) can be
written as

V)= P, (A2)
!

where ;) € H; and ), p; = 1. We express each [;) in the
computational basis {|abc); : a, b, ¢ € {0, 1}} as

Wwy= > clabe), (A3)
a,b,c=0,1
where cabc satisfies ), . gb)cl =1.

We define the subspace V CH as the linear span of

(|abé) =y, J/prlabe);}. We define the ideal state in this
subspace as
A | R .
= —(|000) — |111}), A4
V) ﬁ“ ) —[111)) (A4)
which can be reexpressed as
=Y Vpil, (AS)
I
where
N 1
[¥1) :== —=(1000); — [111);). (A6)

V2
Note that for the ideal observables defined as
B :=@®,B,1 1),
B =P8, 1),
By :=@,(1,;®1; ® B3,

~

A =@A, 1L ®1),
Ay = P,(1, ®A;, ® 1)),
A =P, 1 ®4s),

where

A, =X, B,=Y, (A7)

where X; and Y; are the Pauli operators acting on the ith qubit,
the ideal state defined in Eq. (A4) violates the noncontex-
tuality inequality (20) maximally. Note that the ideal state
projected onto H;, i.e., |1/}1), has the form of the GHZ state
(16). We have chosen the above particular form of the ideal
state for our convenience.

We now express the nonideal observables with respect to
the Jordan decomposition. Due to the fact that we have three
pairs of dichotomic observables that do not commute on the
quantum state, which is a consequence of Lemma 7, the di-
mension of each of the subspaces H; in Eq. (A1) can be taken
to be eight. From Corollary 1, it follows that

A=A, 0L, ®1), B =@®B,0L L),
A=@P,1,04A,®1;), B =@, ®B),®1),
A3 =@,(1,®1,®A3), Bi=@,(1,;®1;QB;3),

where by using “local” unitary operations we can always
choose A;, and B;, acting on H; to be other following forms:

A, =X, B
Ay =X,
Az = X;,

with 0y, ¢y, vy € [-5, 7]

, = cos 6;Y; + sin 6, X,
By, = cos ¢ Y, + sin ¢; X,

B3, = cos Y3 + sin v Xz, (A8)

We now proceed to calculate the state fidelity given by
[(4fr|)|2, where |/) is the ideal state given by Eq. (A4). Using
the fact that the global phase on each subspace can be chosen
freely, we can always set (1ﬁI|1/f1) > 0, and therefore,

> pillyn)
1

Now, using the expressions of |¢;) and |¥,) given by
Eqgs. (A3) and (A6), respectively, Y, pi[{y¥:]v¥;) |> can be writ-
ten as

(Wly) = Zpl Vilyn) > (A9)

A 1
2 () @)
mewwm ZZPIE‘COOO_CM

The expression in the right-hand side of the above equa-
tion can be written as

! ! ! !
() () ()|+|()|2

1,0 ORE
000 lll 000 lll _§|C000+Clll

Using ). c® |2 = 1 in the first term in the right-hand side

abc
of the above equation, we arrive at

SplE=1=3p ¥ el

abc#000,111

- ng(cé’(?o +d o a0
1

We will use the following lemma to obtain a lower bound on
the right-hand side of the above equation.

Lemma 7. Suppose that inequalities (91) are satisfied for
some € > 0. Then, ||[{A;, B;}|¥)|| < 4+/2¢ for all i.

Proof. We show that |[{A;, Bi}|¥)| < 4+/2¢. From
Egs. (91) and assuming that 0 < € < 1, we have that

A1) + A2A3 1) || = v2(1 + (¥ |A1A24319))

2[1 = (1 —e)]
= 2e, (A1)
and, similarly, we have
IB>1y) — BiAs|¥) || < V2e, (A12)
IB1[v) — ABs|yr) | < /2, (A13)
B2 r) — AiBs|¥) || < v2€. (A14)

Using then the triangle inequality for the vector norm and the
fact that it is unitarily invariant, we have

I(A1B1 + B1AD)|Y) || < [[(B1A1 + B1A2A3)|¥) ||
+ [[(=B1A2A3 + Ay Bo)|¥r) ||
+ (A28, + A1A2B3)|Y) ||

+ [(=A1A2B3 + A B)|Y) |l

< 4V2€. (A15)
Due to the symmetry of the inequality, the same will hold for
any other i, which completes the proof. |
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First, let us bound ), p1|c000 + c(lll)ll in Eq. (A10). From

Egs. (A11) and (A12), respectively, we obtain
) ) ) )
sz |°000+‘111| + €001 "'6110

0] (1) (ONERONE

"'}Cmo 101{ +| Coi1 T Cioo ) <6

—i 1

Y pille ™o —

/

+|eii¢] c(()]o>1 -

el@,cll) | + {elqﬁ,c(l) +el6[ (llo)l

e (1) \ + |€l¢lcgl)1 + ei@cilo)of) <

From the first of these equations, it follows that

2
sz |eoo + et | < e (A16)
It also follows that
S o +hf < )
!
_ i 2
Snledy - <o

Next, we proceed to bound > pr Y 2000111 |c;[b)cl2 in
Eq. (A10). We have

|C(ll) } |eza, —i¢/|2
e e (Z) ) +e (Cg())l + C(111)0)|2'

Using the fact that |x 4+ y|? < 2(Jx|? 4+ [y|?) for any x,y € C
in the above equation, we arrive at

= [(¢“el —

|Clno|2|€i91 +e P
0 - ) ) (l) 2
(|el "Clio — l¢]‘7001| + |0001 Clio )
From Eqgs. (A17) and (A18),

Zl’l ‘6(111)0’2|ei01 + e )2
]

2
= Z pielio| (2 + 2 cos(6; + 1)) < de (A19)
1

Similarly,
ey Pl + e
= (=" el + e cler) + ¢ (clor + ci) |2
< 2(| - eielcgll)o e (()lO)1| + | (()]0)1 + C(ll])O 2)’
from which it follows that

> pilin[ 1€ + e
1

2
=Y pilcin| 2+ 2cos, + ¢)) < 4e (A20)
l
Adding Eqgs. (A19) and (A20),
(A21)

sz(|cggl|2 + ety 2)(1 + cos(0; + ¢y)) < 4e.
/

We now need the following lemma, which is similar to
Lemma 7.

Lemma 8. Suppose the ideal expectations are satisfied to
within error €. Then ||A Bz |¥) + BiAx|¥) || < 24/2€.
Proof.

IA1Ba 1) + BiAal ) | < (1B — A1 B1AD)IY) |
+ (A1 B1As + B1AY) W) || < 2v/2€,

where the last inequality follows from Egs.
(A12).
From the result of the lemma, we obtain

> pi((J<don |2 G 2)|ei9’ + |2
]

(Al11) and
|

+ (‘C(()ll)l‘ + ’C(llo)o ) " eii¢l|2)

+ 3 p(Jfaf + e e+ e
I

(ol el e = ) < e

and therefore,

S (e P+ [l e + e < 8e,
1

or
> pi(Jeiih [P+ [P (1 + cos@r — ¢) < e (A22)
1
Adding Egs. (A21) and (A22),
> 2:171(|c(()10)1 |2 + |c§l])0 2)(1 + cos 6, cos ¢;)
1
(A23)

2 Zp/(yct()lo”z + ‘Cgll)o 2)1
/

where in the last inequality we used 6, ¢, € [-7, 5], and
so cos6; >0 and cos¢; > 0. Similarly, from Egs. (A13)
and (Al14), we have found the following bounds on

0 2 1 2 0 2 1 2
S pilehiol” + lefy 1) and 3, pidled)y | + 1efol

8
5€2 ZPI(|C(()11)0|2 + |eon 2), (A24)
1
—e =Y pi(eS )’ + |efo)- (A25)
1
respectively. Summing Eqs. (A23)—(A25), we obtain
Yooy |l < (A26)
1

abc#000,111

Substituting Egs. (A26) and (A16) in Eq. (A10), we obtain the
state fidelity as

. 25 \?
F(¥), |¥)) > (1 — 76)

> 1—25e. (A27)

Next we bound the fidelity of the operators. From Eq. (A8)
and the definition of the ideal operators (up to a unitary free-
dom), it follows that for all 7, tr(A;A;) = 8 which implies that
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F(A;, A;) = 1. From Eq. (A8), it also follows that

F(By.By)=)_ picosb.
1

(A28)

Let us now obtain a lower bound on ) ; p1 cos 6. Using both
the result of Lemma 7 and Eq. (A8), we obtain

1
€ > §||{A1,Bl}|w>||2
= Zp[ Sill2 91.
l

Using cos?6, + sin?6, = 1 and > pi=1, we can write
> D sin” 6, as

Zp, sin’ 0 =1-— Zp, cos? 0,
I I
=1 Zp/cosez,
I

where the inequality follows from 6; € [—7%, 5] and therefore
cos 6; > 0. From the above two equations, it follows that

1 —Zplcosel < 4e
l

Using the above equation in Eq. (A28), we obtain
F(Bi,B)) > 1 —4e.

(A29)

(A30)

(A31)

This ends the proof of Theorem 3.

Theorem 3 can be straightforwardly extended to any n as
follows. Here the state fidelity is defined as earlier and the
operator fidelity is defined with the different normalization
factor as F (X;, X;) := (1/ dim(V,))Tr(X;X;), where dim(V},) is
the dimension of the invariant subspace.

Theorem 4. If a quantum state |¢) and a set of measure-
ments A;, B; with i, j = {1,2, ..., n} in a Hilbert space H,
satisfy the ideal expectations corresponding to the maximal
quantum violation of inequality (57) to within error €, then
there exists a projection P : H, — V,, where dim(V,) = 2",
a state |{/) € V,,, and A;, B; which are Hermitian involutions
acting on V,, for all i and j such that

(Y|A1B2B3By - - - B,|r) =1,
(Y|B1A2B3By - - - B,|r) =1,
(Y1B1B2B3By - - A lY) = 1,

and there also exists a unitary U acting on V such that
FU), 1¥) > 1 -«
FWUAU,A)>1-¢€ Vi
FUBU",B)>1—-e Vi
where €y = [8(2"' — 1)+ 1]¢, €; =0, and €, = 27 "€.
Proof. The bounds of this theorem are obtained using the

similar steps used in the proof of Theorem 3. With respect to
the Jordan decomposition,

M, =P H,
l

(A32)

where each H; has dimension at most 2" and is invariant
under the action of A; and B;. As before, the state |¢) can
be decomposed as

(A33)

v) =) Jpilv),
!

where |;) € H; and ), p; = 1. With respect to the computa-
tional basis {|njn; - - - n,); : n; € {0, 1}}, we express each |y)
as

1
Wy = > ), lmmn,

n;€{0,1}
where Y, [Cnngem, |* = 1.
We deﬁne the subspace V,, € H, as the linear span of

{lindy - - i) := Y, /Pilming - - - ny),}. We define the ideal
state in thlS subspace as

2 :—70002 0,) — 11112+ 1)), (A34)
which can be reexpressed as
¥y =) Vo), (A35)
1
where
) :——<|0102 0a); — 11112+ 1)) (A36)

5

Note that for the ideal observables defined as

@(@n,@A’@ X 111)

i=k+1
@ (®]11 ®Bl ® ® ]11)
i=k+1
where
A, =X, B,=Y
withi, j =1,2,3,and, fori, j =4,5,...,n
A, =-Y, B,=X,
the ideal state defined in Eq. (A34) violates the noncontextu-
ality inequality (20) maximally.

From Appendix B, it follows that the nonideal observables
can be written as

@(@1,@#@ X ]1,)

i=k+1

1, ®B;® 1,1,
@@ o @

Jj=k+1

forall i, j=1,2,...,n. We choose a unitary such that the
operators A;, and B, acting on H, can be written as follows:

Ai/ :Xj, Bj[ =cos9j,Yj+sin0j/Xj, i,j= 1,2,3,
(A37)
Bi; :Xk, Aj; :COSQj,Yk+Sin9j,Xk, l',j:4,5,---7 n,
(A38)

with 0;, € [-%, 7] for all j and k.
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Using the similar steps used to obtain Eq. (A10), we

have
1— Zpl Z ’C;('tll)nzmn,,

(Wly) >
nyny-n, #0102::0,, 11 15---1,
() ) 2
_EZPI‘COOZ o0, i,
1

Similarly to the case of n = 3, a bound on the right-hand side
of the above equation can be obtained as follows. The term
5 Z, Pl"o,oz o, T c1 12 1, | in Eq. (A39) can be bounded
using the inequality given by

2

(A39)

lA11¥) + A2A3Bs - - - By |¥) || < V2e. (A40)

From this equation, we obtain

0) 0) 2
Y pillet 000, + €11,
i
! 2
+ |c()11213 1, + c(ll)()203--'0,,| ) g €, (A41)
from which it follows that

(A42)

) ) 2
ZP!‘COIQZ -0, +c Clilye, Se
!

Next, the second term in Eq. (A39) can be bounded using
the other inequalities such as

1B2[r)

from which we obtain

6y, (D) _ it )
sz( Z |e ' C000ny -y — € Clllig ity

— B1A3By - < Ve,

“Ba[Y)l (A43)

2

2

192 (l) 19] (l)
+ 2 : |e 1CO10ng-my T € L0y iy

,,,,,

Z —i6, () 0y, (1) 2
+ |€ ’COOln4 Ny, —€ [Cll()m n,,|

i 2
)ée,

192 (l) 191 (l)
+ E: |e 'COlngen, T € Clo0R, -,

where 7;, with i =4,5,...,n, denotes n; ®, 1. From the
above equation, using the steps similar to the ones used to
obtain the bound given by Eq. (A23), we obtain a bound on

1 1
> Pieliio. ol + 16011 1%) as follows:

sz lebono-ol” + [etora]?) < (Ad4)

8
) NS 56.
The sum Y, 000,111 2 pilel, ., 1* can be spilt into
the sum of (2"~! — 1) terms which are a sum of the mod-
ulus of two coefficients cﬁfl)nzmnn as in the left-hand side of
Eq. (A44). These (2"~! — 1) terms have the same bound as
given in Eq. (A44). Therefore, we obtain

-1
Lo 8@ =)
E pi E Ciu)nz---n,, <—2 €
1 niny--n,700---0,11---1

Using Eqgs. (A42) and (A45) in Eq. (A39), we obtain the
bound on the fidelity as given in Theorem 4.

(A45)

Next, we bound the fidelity of the operators. As in the case
of n = 3, we also have ||{A, B1}|¥)| < 4+/2¢ which implies
that

25— > 1 A, B 2
e/znll{ LB

>1- szcosez,
)

leading to the following bound on the fidelity between B,
and By:

(A46)

F(B1,B)) > 1—2""€,

employing the similar steps as in the case of n = 3. This ends
the proof of Theorem 4. |

APPENDIX B: JORDAN’S LEMMA

In this section we prove a corollary to Jordan’s lemma
which is a direct generalization of Corollary 7.1 proven in
Ref. [32]. For completeness we also state Jordan’s lemma
(see, e.g., Ref. [32] for a proof).

Lemma 9 (Jordan’s lemma). Let A and B be a pair of Her-
mitian operators acting on a Hilbert space # such that A% =
B?2 = 1. Then, X decomposes as a direct sum H = P, H,,
with dim H; € {1, 2}, and A and B act invariantly on each H,;.

In this way, since the set of eigenvectors of AB span H,
we can decompose the Hilbert space H = €, H; where the
dimension of such #; is at most 2.

Corollary 1. Let A; and B; with i = 1,2, 3 be Hermitian
operators acting on a Hilbert space H that square to identity
and satisfy the following commutation relations:

[Ai,Aj1 =[A;, B;1=0 (#)).
Then, H can be decomposed as

H=EPH @H @H)).
!

(BI)

(B2)

where each local Hilbert space H) is of dimension
at most two. Moreover, A;=@,A;, Q1L Q1),
Bi=@,B,®1;®1)), A =@,(1, @4, ® 1)),
B, =@,(1,;®B,, ® 1)), A;=P,(1,®1; ®A3), and
Bs=@,(1, 9 1; ® B3,).

Proof. This proof is a direct generalization of that of
Corollary 7.1 proven in Ref. [32].

First, let us notice that Eq. (B1) implies that [A;B;, A;B;] =
0 for any i, j = 1, 2, 3, which means that all three Hermitian
operators A;B; can be jointly diagonalized.

Let then |o,B,y) be an eigenvector of these
operators such that ABi|a, B,y)=cala, B,y) and
Asz|0{, ﬁs y) = ﬁ|0{, ﬁ’ y) and A3B3|as ﬂa J/) = Vlaa ﬁ: )/>
Define the following vectors: |&, 8,y) =Aila, B, y),
lee, B,v) = Asla, B, y), la, B, ¥) = Asle, B, ), @, B, y) =
A1A2|(X, ﬂ’ V)’ |&7 ﬂ7 )_/) =A1A3|a9 ﬂv V>’ | ﬂ P)

ArAsla, B,y), and
the subspace

|&s B7 J_/> :A1A2A3|av ﬂv y) Then

span{lat, B, ), 1@, B, ¥), o, B, v), let, B, 7),
y)’ |a’ ﬂ’ )7)7 |a7 B’ )_/)7 |&7 ﬂ’ ‘}_/)}

|, B, (B3)
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is isomorphic  to span{|a), |@)} ® span{|B), |B)} ®
span{|y), |7)}. It follows from Lemma 9 that both A; and By,
both A, and B,, as well as both A3 and Bj act invariantly on
the first, second, and third tensor factors, and trivially on the

others, respectively. ]
The above corollary can be trivially generalized to any
n > 3:letA;and B; (i, j =1, ..., n) be Hermitian operators

acting on H,, that square to the identity and satisfy

[Ai,A;]1=1[B;,Bj]=0 (#)). (B4)

Then, H, decomposes as H, = P,;(H; @ H; @ - -- @ H})),
with dim ’Hf < 2,and

j-1 n
Aj=@<®1l®A§.® O 111) (BS)
and

j—1 n
Bj:@< 11,@35@@]11). (B6)
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Chapter 4

Paper 111

4.1 Scalable Bell inequalities for graph states of arbitrary prime local di-

mension and self-testing

In the third work forming the thesis we turn to the Bell scenario. We provide a general construc-
tion of Bell inequalities whose maximal quantum values are achieved by multipartite graph states
of arbitrary prime local dimension which form one of the most representative classes of multipartite
entangled states, including for instance the GHZ state, that are a resource for many tasks such as
quantum computing. In other words, for any such graph state we provide a Bell inequality maxi-
mally violated by this state together with certain quantum observables that correspond to a set of
d mutually unbiased based in prime dimension d. In order to derive these inequalities we build on
two other recent constructions of Bell inequalities from Refs. [75] and [22]. Whereas the former work
introduces Bell inequalities maximally violated by the maximally entangled states of two qudits with
prime local dimension, the latter provides a construction of Bell inequalities tailored to the multiqubit
graph states.

Let us notice here that it is in general a difficult task to determine the maximal quantum value
of a generic Bell inequality, and, at the same time, Bell inequalities for which the maximal quantum
violation is known are highly useful within the area of device-independent quantum information. For
instance, maximal Bell violations can be used for certification purposes, in particular in self-testing,
but also to certify true randomness [90]. The corresponding Bell operators are constructed with the
aid of the stabilizer formalism of the graph states in such a way that we can analytically find their sum-
of-squares (SOS) decompositions, which then allows to determine the maximal quantum violations of
our Bell inequalities. Importantly, the number of expectation values to measure in order to test the
violation of our inequalities scales only linearly with the system size.

Finally, we show that these inequalities can be used for self-testing of multi-qutrit graph states
such as the well-known four-qutrit absolutely maximally entangled state AME(4,3) [91]. Indeed,
by employing the results of Ref. [75] we show that in the case of d =3, the algebraic relations
implied by the abovementioned SOS decompositions fully characterize two unitarily inequivalent sets
of measurements achieving the maximal quantum violation, and, for both of them, the state that
attains the optimal violation is the corresponding many-qutrit graph state. While we are unable to

prove it with the methods at hand, we believe that our inequalities can actually be used to self-test
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any qudit graph state for d > 5.

Our result thus generalizes the self-testing statement made for the qubit graph states in Ref. [22]
as well as that of Ref. [75] made for the two-qutrit maximally entangled state. In fact, our proof of
the self-testing statement heavily explits the results of the latter work. The possibilities of future work

are discussed in the Conclusions section of the article.

4.2 Author’s contribution
My contribution to this article was:

e Active participation in discussions that lead to designing the main idea of the work and to finding

a way to derive the Bell inequalities;

e Signification contribution in deriving the Bell inequalities for graph states and proving Theorem
2;

e Help in proving the self-testing statement in Theorem 3;

e Help in preparing the manuscript.
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Abstract

Bell nonlocality—the existence of quantum correlations that cannot be explained by classical
means—is certainly one of the most striking features of quantum mechanics. Its range of
applications in device-independent protocols is constantly growing. Many relevant quantum
features can be inferred from violations of Bell inequalities, including entanglement detection and
quantification, and state certification applicable to systems of arbitrary number of particles. A
complete characterisation of nonlocal correlations for many-body systems is, however, a
computationally intractable problem. Even if one restricts the analysis to specific classes of states,
no general method to tailor Bell inequalities to be violated by a given state is known. In this work
we provide a general construction of Bell expressions tailored to the graph states of any prime local
dimension. These form a broad class of multipartite quantum states that have many applications in
quantum information, including quantum error correction. We analytically determine their
maximal quantum values, a number of high relevance for device-independent applications of Bell
inequalities. Importantly, the number of expectation values to determine in order to test the
violation of our inequalities scales only linearly with the system size, which we expect to be the
optimal scaling one can hope for in this case. Finally, we show that these inequalities can be used
for self-testing of multi-qutrit graph states such as the well-known four-qutrit absolutely
maximally entangled state AME(4,3).

1. Introduction

The first Bell inequalities were introduced to show that certain predictions of quantum theory cannot be
explained by classical means [1]. In particular, correlations obtained by performing local measurements on
joint entangled quantum states are able to violate Bell inequalities and hence cannot arise from a local
hidden variable model. The existence of such non-local correlations is referred to as Bell non-locality or
simply non-locality.

Since then the range of applications of Bell inequalities has become much wider. In particular, they can
be used for certification of certain relevant quantum properties in a device-independent way, that is, under
minimal assumptions about the underlying quantum system. First, violation of Bell inequalities can be used
to certify the dimension of a quantum system [2] or the amount of entanglement present in it [3]. Then, Bell
violations are used to certify that the outcomes of quantum measurements are truly random [4], and to
estimate the amount of generated randomness [5-7].

The maximum exponent of the certification power of Bell inequalities is known as self-testing.
Introduced in [8], self-testing allows for almost complete characterisation of the underlying quantum system

© 2023 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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based only on the observed Bell violation. It thus appears to be one of the most accurate methods for
certification of quantum systems which makes self-testing a highly valuable asset for the rapidly developing
of quantum technologies. In fact, self-testing techniques have shown to be amenable for near-term quantum
devices, allowing for a proof-of-principle state certification of up to few tens of particles [9, 10]. For this
reason self-testing has attracted a considerable attention in recent years (see, e.g. [11]).

However, most of the above applications require Bell inequalities that exhibit carefully crafted features. In
the particular case of self-testing one needs Bell inequalities whose maximal quantum values are achieved by
the target quantum state and measurements that one aims to certify. Deriving Bell inequalities tailored to
generic pure entangled states turns out to be in general a difficult challenge. Even more so if one looks for
inequalities applicable to systems of arbitrary number of parties or arbitrary local dimension. The standard
geometric approach to derive Bell inequalities has been successful in deriving many interesting and relevant
inequalities [12—16], but typically fails to serve a self-testing purpose, providing inequalities with unknown
maximal quantum violation.

In order to construct Bell inequalities that are tailored to specific quantum states, a more promising path
is to exploit the ‘quantum properties’ of the considered system such as its symmetries. Two proposals in this
direction have succeeded in designing different classes of Bell inequalities tailored to the broad family of
multi-qubit graph states [17, 18] and the first Bell inequalities maximally violated by the maximally
entangled state of any local dimension [19]. The success of these methods was further confirmed by later
applications to design the first self-testing Bell inequalities for graph states [20] (see also [21] for the first
self-testing method for multi-qubit graph states which, however, is not directly based on violation of Bell
inequalities), for genuinely entangled stabilizer subspaces [22, 23] or maximally entangled two-qutrit states
[24], as well as to derive many other classes of Bell inequalities tailored to two-qudit maximally entangled
[25, 26] or many-qudit Greenberger—Horne—Zeilinger (GHZ) states [27]. Some of these constructions were
later exploited to provide self-testing schemes for the maximally entangled [25, 28] or the GHZ states [29] of
arbitrary local dimension.

In this work, taking inspiration from the above ideas, we provide the first general construction of Bell
expressions tailored to graph states of arbitrary prime local dimension. Graph states constitute one of the
most representative classes of genuinely entangled multipartite quantum states considered in quantum
information, covering the well-known GHZ, the cluster [30] or the absolutely maximally entangled states
[31], that have found numerous applications, e.g. in quantum computing [32-34] or quantum metrology
[35]. We analytically determine the maximal quantum value (called also Tsirelson’s bound) of each of our
Bell expressions by deriving a suitable sum-of-squares decomposition of the corresponding Bell operator. We
then show that this maximal value is achieved by the corresponding graph state. On the other hand, the
maximal classical values of our Bell expressions are yet to be determined. We nevertheless believe that our
inequalities are all nontrivial in the sense that their maximal quantum and classical values differ. In fact, in
the particular case of d = 3 we prove that they all allow for self-testing of the corresponding graph states, and
thus are certainly nontrivial in the above sense. Moreover, for the simplest bipartite graph corresponding to
the maximally entangled state of two qudits, the maximal classical value can be determined numerically for
the lowest values of d and it differs from the corresponding Tsirelson’s bound (see [24]). We thus believe that
all our Bell expressions feature this property and therefore in what follows, slightly abusing the terminology,
we also refer to them as to Bell inequalities.

Our construction thus provides the first example of Bell inequalities maximally violated by the absolutely
maximally entangled states of non-qubit local dimension such as the four-qutrit AME(4,3) state [31]. Our
Bell expressions are also scalable because the number of expectation values they are composed of scales only
linearly with the number of subsystems, which we expect to be the optimal scaling in the case of graph states.
This is a relevant factor as far as experimental tests of Bell non-locality or implementations of self-testing are
concerned; by lowering the number of expectation values one can lower the experimental effort to test a Bell
inequality violation. Let us finally notice that our construction generalizes and unifies in a way the recent
constructions of [20] and [24] to all graph states of arbitrary prime local dimension.

The manuscript is organized as follows. In section 2 we provide some background information which is
necessary for further considerations; in particular we explain in detail the notions of the multipartite Bell
scenario and graph states and also state the definition of self-testing we use in our work. Next, in section 3 we
introduce our general construction of Bell expressions for graph states. We then show in section 4 that our
new Bell inequalities allow for self-testing of all graph states of local dimension three. We conclude in
section 5 where we also provide a list of possible research directions for further studies that follow from
our work.
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2. Preliminaries

2.1. Bell scenario and Bell inequalities
Let us begin by introducing some notions and terminology. We consider a multipartite Bell scenario in which
N distant observers A; share a quantum state p defined on the product Hilbert space

H=H ®...®Hx. (1)

Each observer A; can perform one of m; measurements M, = {Mfl,-|x,- }4; on their share of this state, where x;
stand for the measurement choices, whereas a; denote the outcomes; here we label themasx; = 1,...,m and
a; =0,...,d — 1, respectively. Recall that the measurement operators satisfy Mfz,\ «, = 0 for any choice of a;
and x; as wellas ) Adzilxi =1 for any x;.

The observers repeat their measurements on the local parts of the state p which creates correlations
between the obtained outcomes. These are captured by a collection of probability distributions
7= {p@%)} € R, where p(d@) = p(ay,...,ay|x1,...,xy) is the probability of obtaining the outcome a;
by the observer i upon performing the measurement Mjcl, and can be represented by the Born rule

p(l%) =Tr [p (M}, @ oMy, )] 2)

A behaviour p is said to be local or classical if for any @ and X, the joint probabilities p(d|X) factorize in the
following sense,

plax) = ZM Ipr(a]xi, A) - pu(an|xn, A), (3)

where ) is a random variable with a probability distribution p4(\) representing the possibilities for the parties
to share classical correlations and p;(a;|x;, A) is an arbitrary probability distribution corresponding to the
observer A;. On the other hand, if a behavior p does not admit the above form, we call it Bell non-local or
simply non-local. In any Bell scenario correlations that are classical in the above sense form a polytope with
finite number of vertices, denoted Ly, 4.

Any non-local distribution p can be detected to be outside the local polytope from the violation of a Bell
inequality. The generic form of such inequalities is

I—Za (@%) < By (4)

where 3 = max;¢ Luma 18 the classical bound of the inequality and oz 5 are some real coefficients defining
the inequality. Any p that violates a Bell inequality is detected as non-local.

Let us finally introduce another number characterizing a Bell inequality—the so-called quantum or
Tsirelson’s bound—which is defined as

Bo= sup I, (5)
EEQN,m,d

where the maximisation runs on all quantum behaviours, i.e. all distributions p that can be obtained by
performing quantum measurements on quantum states of arbitrary local dimension. The set of quantum
correlations Q4 is in general not closed [36] and thus 3 is a supremum and not a strict maximum.
Determining the quantum bound for a generic Bell inequality is an extremely difficult problem. However,
interestingly, in certain cases it can still be found analytically. A way to obtain 3, or at least an upper bound
on it is to find a sum-of-squares decomposition of a Bell operator B corresponding to the Bell inequality.
More specifically, if for any choice of measurement operators one is able to represent the Bell operator as

B=nl-> PP, (6)
k

where Py, are some operators composed of M’ |, then 7 is an upper bound on 3. Indeed, equation (6)

ni|x;>
implies that for all |¢)), (¢|B|¢)) < 1, and thus, S < 7. If a quantum state saturates this upper bound, then it
follows from (6) that Pg|t)) = 0 for all k. As we will see later such relations are particularly useful to prove a

self-testing statement from the maximal violation of a Bell inequality.
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For further convenience we also introduce an alternative description of the Bell scenario in terms of
generalized expectation values (see, e.g. [27]). These are in general complex numbers defined through the
N-dimensional discrete Fourier transform of {p(d|x)},

1
<An1 ES nN\xN Zwa np (7)
where w = exp(2mi/d) is the dth root of unity, @ := (ay,...,ay) € {0,...,d — 1}N and 77 := (ny,...,ny)
€{0,...,d—1}",and d- 7 =), a;n;. The inverse transformation gives
N
dNZw At AN ) 6]

Combining equations (2) and (8) one finds that if the correlations p are quantum, that is, originate from
performing local measurements on composite quantum states, the complex expectation values can be
represented as

(Ao A ) = Tr [ (AL 04X, ] )
where A}, are simply Fourier transforms of the measurement operators M, - given by
n,\x, an azMa,\x, (10)

a;=0

Clearly, due to the fact that the Fourier transform is invertible, for a given x; and i, the d operators Aiu-lx,- with
n; =0,...,d — 1 uniquely represent the corresponding measurement ]V[jc

Let us now discuss a few properties of the Fourier-transformed measurement operators that will prove
very useful later. For clarity of the presentation we consider a single quantum measurement M = {M, } and
the corresponding A, operators obtained via equation (10). First, one easily finds that Ay = 1. Second,

Agn=A_,=A} (11)

which is a consequence of the fact that w?" = w™" = (w")* holds true for any n € {0,...,d — 1}. Third,
AlA, <1 foranyn=0,...,d — 1 (for a proof see [24]).

Let us finally mention that if M is projective then all A, are unitary and their eigenvalues are simply the
powers of w; equivalently A% = 1. It is also not difficult to see that in such a case, A, are operator powers of
Ay, thatis, A, = AY. Thus, a projective measurement can be represented by a single unitary (non-Hermitian
for d > 3) operator A;, which by slightly abusing the standard terminology we call here quantum observable.
We exploit these properties later in our construction of Bell expressions as well as in deriving the self-testing
statement. In fact, in what follows we denote the observables measured by the party i by A; ..

2.2. Self-testing
Here we introduce the definition of N-partite self-testing that we adopt in this work. Let us consider again
the Bell scenario described above, assuming, however, that the shared state p, the Hilbert space it acts on as
well as the local measurements are all unknown. The aim of the parties is to deduce their form from the
observed correlations p(d|X). Since the dimension of the joint Hilbert space H is now unconstrained
(although finite) we can simplify the latter problem by assuming that the shared state is pure, i.e. p = [1)){1)]
for some |¢)) € H, and the measurements are projective, in which case they are represented by unitary
observables A; ., acting on H;.

Consider then a target state |¢)) € (C?)®N and the corresponding measurements Aj. ., giving rise to the
same behaviour {p(d|X)}. We say that the observed correlations self-test the given state and measurements if
the following definition applies.

Definition 1. If from the observed correlations {p(d|X)} one can identify a qudit in each local Hilbert space
in the sense that H; = C?® H/ for some auxiliary Hilbert space H/, and also deduce the existence of local
unitary operations U; : H; — C? ® H/ such that

(Ui ®...0 Uy)[¢) = ) ® |aux) (12)

4
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for some |aux) € H/ ® ... ® Hy, and, moreover,
UiA; Ul-T =A;, @1, (13)

where 1; is the identity acting on 7/, then we say that the reference quantum state |LZ) and measurements Ai,xi
have been self-tested in the experiment.

Importantly, only non-local correlations can give rise to a valid self-testing statement. Moreover, since it
is based only on the observed correlations {p(d|X)}, self-testing can characterise the state and the
measurements only up to certain equivalences. In particular, the statement above includes two possible
operations that keep the correlations {p(d|X)} unchanged: (i) the addition of an auxiliary state |aux) on
which the measurements act trivially and (ii) the rotation by an arbitrary local unitary operations. It is worth
mentioning, however, that there exist yet another operation that does not change {p(d]X)}, which is the
transposition map applied to the state and all the measurements. Taking into account this extra degree of
freedom would lead to a weaker definition of self-testing than the one formulated above (see, e.g. [24, 37]).
Since in our work we are concerned only with self-testing of the graph states, which are real and thus
invariant under the action of transposition, we do not need to take into account this other definition of
self-testing.

2.3. Graph states
Let us finally recall the definition of multipartite graph states of prime local dimension [38—40]. Consider a
graph G = (V,&,R,d), where d is any prime number such that d > 2,V := {1,...,N} is the set of vertices of
the graph, £ is the set of edges connecting vertices, and R := {r;;} is a set of natural numbers from
{0,...,d — 1} specifying the number of edges connecting vertices i,j € V; in particular, r;; = 0 means there
is no edge between i and j. We additionally assume that r; ; = 0 for all i, meaning that the graph has no loops
as well as that the graph G is connected, meaning that it does not have any isolated vertices. By V; we denote
the neighbourhood of the vertex i which consists of all elements of V' that are connected to i.

Assume then that each vertex i € V of the graph corresponds to a single quantum system held by the
party A; and let us associate to it the following N-qudit operator

G=Xo@2z  (i=1,..N) (14)

JEN;

with X and Z being the generalizations of the qubit Pauli matrices to d-dimensional Hilbert spaces defined
via the following relations

Zliy=d'liy,  Xliy=|i+1) (i=0,...,d—1), (15)

where the addition is modulo d. Due to the fact that XZ = w~!ZX, it is not difficult to see that the operators
G; mutually commute. It then follows that there is a unique pure state |G) € (C?)®N, called graph state,
which is a common eigenstate of all G; corresponding to the eigenvalue one, i.e.

Gi|G) =1|G) (i=1,...,N). (16)
Given the above property, the G; are usually referred to as stabilizing operators. Notice also that in the
particular case of d = 2 this construction naturally reproduces the N-qubit graph states [40], where vertices

can only be connected by single edges.
Let us illustrate the above construction with a couple of examples.

Example 1 (Maximally entangled two-qudit state). Let us start with the simplest possible graph, consisting
of two vertices connected by an edge (cf figure 1(a)). The corresponding generators are given by

G=X®Z G =Z%X, (17)

and stabilize a single state in C¢ ® C? which is equivalent up to local unitary operations to the maximally
entangled state of two qudits,

1 d—1 )
) = ﬁgw (18)

5
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(a) (b) © )

N -1 4

Figure 1. Three examples of graphs defining: (a) the maximally entangled state of two qudits, (b) the N-qudit GHZ state, (c) the
four-qutrit absolutely maximally entangled state AME(4,3).

in which both local Schmidt bases are the computational one. In fact, the above state is stabilized by another
pair of operators, namely,

Gl =X®X, Gy =207, (19)

which are obtained from G; by an application of the Fourier matrix to the second site.

Example 2 (GHZ state). The above two-vertex graph naturally generalizes to a star graph consisting of N
vertices (cf figure 1(b)). The associated generators are of the form

G =X2...2n (20)
and
G =27Z1X; (i=2,...,N), (21)

and stabilize an N-qudit state which is equivalent under local unitary operations to the well-known GHZ state

d—1
(GHZy ) = % S Jiye. (22)
i=0

Example 3 (AME(4,3)). The third and the last example is concerned with the four-qutrit absolutely maxim-
ally entangled state’, named AME(4,3) [31]. The graph defining it is presented in figure 1(c). The stabilizing
operators corresponding to this graph read

Gy = X1Z,24, G, = Z1 X, 75, Gs = Z,X373, Gy = 2, 23Xy, (23)

They stabilize a three-qutrit maximally entangled state AME(4,3) which is equivalent under local unitary oper-
ations and relabelling of the subsystems to (see, e.g. [42]),

2
1 WA e A .
[AME(4,3)) = 2 > i+ )i+ 24), (24)
i,j=0
where the addition is modulo three.

3. Construction of Bell inequalities for arbitrary graph states of prime local dimension

Here we present our first main result: a general construction of Bell expressions whose maximal quantum
value is achieved by the N-qudit graph states of arbitrary prime local dimension and quantum observables
corresponding to mutually unbiased bases at every site. Our construction is inspired by the recent approach
to construct CHSH-like Bell inequalities for the N-qubit graph states presented in [20] and by another

4 A multipartite state is termed absolutely maximally entangled if any of its | N/2]-partite subsystems is in the maximally mixed state
[41].
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construction of Bell inequalities maximally violated by the maximally entangled two-qudit state introduced
in [24].

First, in section 3.1 we recall the general class of Bell inequalities maximally violated by N-qubit graph
states of [20]. Then, in section 3.2 we introduce the main building block to generalise this construction to
arbitrary prime dimension. We illustrate the Bell inequality construction with some simple examples in
section 3.3 and then move to introduce the general form of the inequality valid of any N-qudit graph state of
prime dimension in section 3.4.

3.1. Multiqubit graph states
Let us assume that d = 2 and let us consider a graph G. Without any loss of generality we can assume that a
vertex with the largest neighbourhood is the first one, that is, Ny = max;j—; _ n|\|. If there are many
vertices with the maximal neighbourhood in G, we are free to choose any of them as the first one.

To every generator G; we associate an expectation value in which the X and Z Pauli matrices are replaced
by quantum observables or their combinations using the following rule. At the first qubit we make the
following assignment,

X—

(A1 o+ A1), Z— (Ap1 — A1), (25)

1 1
V2 V2
whereas the Pauli matrices at the remaining sites are directly replaced by observables, that is,

X%Ai,Oa Z*}Aﬁl (26)

with i =2,...,N. Recall that the first index enumerates the parties, while the second one measurement
choices. This procedure gives us N expectation values which after being combined altogether lead us to the
following Bell inequality [20]:

N; 1
IGZZ\/E<(A1,0+A1,1) H Ai,1>+\/» Z <(A1,0—A1,1)Ai,0 H Aj,1>

ieN (1) ieN (1) JEN(M\{1}
S <A HAA,1></35, @
igN(1)U{1} JEN (i)

where the classical bound can directly be determined for any graph G and is given by 38 = N+

(V2 — 1)N; — 1. More importantly, the maximal quantum value can also be analytically computed for
any graph and amounts to 3G = N+ N; — 1. This value is achieved by the graph state |G) € (C*)®N
corresponding to the graph G and the following observables:

1 1

ﬁ(X—FZ), Al,lzﬁ

for the first observer and A; ) = X and A; ; = Z for the remaining observersi = 2,...,N.

It is worth stressing here that one of the key observations making the construction of [20] work is that for
any graph there exists a choice of observables at any site, given by the above formulas, turning the quantum
operators appearing in the expectation values of (27) into the stabilising operators G;; in particular, it is a
well-known fact that combinations of the Pauli matrices in equation (28) are proper quantum observables
with eigenvalues 1. Let us also mention that the replacement in equations (25) and (26) guarantees that the
maximal quantum and classical values of the inequalities (27) can be determined basically by hand and that
they differ for any graph state, implying that all these inequalities are nontrivial.

A= (X-=2) (28)

3.2. Replacement rule for operators of arbitrary prime dimension
We now move on to introduce the main ingredient needed to generalise the above construction to graph
states of prime local dimension d > 3.

A naive approach to constructing Bell inequalities for graph states of higher local dimensions would be to
directly follow the d = 2 strategy. That is, at a chosen site the X and Z operators are replaced by combinations
of general d-outcome observables Ay and A;. However, this simple approach fails to work beyond d = 3
because for any prime d > 3 it is impossible find nonzero complex numbers «, 8 € C for which

O=aX+ B2, (29)

is a valid quantum observable; in fact, for no complex numbers the above combinations can be unitary,
unless d =2 (cf fact 2 in appendix A). This makes the transformation (28) irreversible. Phrasing differently,

7
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there are no unitary observables Ay and A, such that X = aAy + SA, and Z = 0A¢ + YA, for some complex
numbers «, 3,7,6 € C.

Nevertheless, there exist other sets of d-outcome quantum observables which can be linearly combined to
form quantum observables, and thus are convenient for our purposes. One such choice is the following set of
d unitary matrices

Op:=x78  (k=0,...,d—1). (30)

It is not difficult to check that Of = 1, for any k=0,...,d — 1 and prime d, meaning that the eigenvalues of
each of these unitary matrices belong to the set {1,w w11, and thus are proper d-outcome observables
in our formalism. It is also worth mentioning that for any prime d > 2 their eigenvectors together with the
standard basis in C? form d + 1 mutually unbiased bases.

Let us now assume that d is a prime number greater than two (d > 3) and consider the following linear
combinations of Oy and their powers,

d—1
=(n) An nxk, nk(k+1) Hn
Ox = E W™ w O, (31)
\/H k=0 ‘

where x=0,1,...,d — 1 and )\, are complex coefficients defined as [24]:

n 71
— z —g(n,d) /48
= )] e
where
1, if d=1 mod4,
€4 = . (33)
i if d=3 mod4.

(%) is the Legendre symbol’, and, finally, the coefficients g(1, d) are given by

n[n? —d(d+6) + 3] if n=0mod2andn+d+1/2=0mod2,
n[n? —d(d —6) + 3] if n=0mod2andn+d+1/2=1mod?2,
s =4 " | (34)
n(n*+3)+2d*(—5n+3) if n=1lmod4,
n(n* +3) +2d*(n+3) if n=3mod4.
Importantly, it was proven in [24] (see appendix D therein) that 531) are unitary and satisfy
M _
O, =1y (35)
for any x = ,d—landn=1,...,d—1. Whatis more, O( ) turns out to be the nth power of Oy, that is,
63(;1) [Ox ] All this means that for any x the set {O }n 0,....d—1 represents a legitimate d-outcome

projective quantum measurement. Let us finally mention that the linear transformation (31) can be inverted,
giving

—nl(l—H .
wanxlo( ) (36)

x=0

The fact that both Oy and Oy, are unitary quantum observables that are related by a linear reversible
transformation given by equations (31) and (36) is the key ingredient in our construction. That is, we can
proceed in analogy to d = 2 case, where we used the replacement defined in equation (25) to define the Bell
inequality and we could later reverse it by a suitable choice of quantum observables (28) to obtain the
maximal quantum violation with a graph state.

The replacement rule we use for the case of arbitrary prime dimension becomes:

W~ k(1) 41
(XZ)" — A = WA, (37)
” t=0

5 Recall that the Legendre symbol (%) equals +1 if n is a quadratic residue modulo d and —1 otherwise.

8
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where A; with t =0,...,d — 1 are unitary observables. Notice that since we deal now with d-outcome
quantum measurements we need to also take into account the powers n of the corresponding observables. In
fact, these under the Fourier transform represent the outcomes of projective measurements. Crucially, this
transformation can be inverted in the sense that there exist a choice of observables A; ,,

d—1
A n
A" = '\ ntk, nk(k+1) sz . 38
= 2 (2 s

for which ;\,({") in equation (37) can be brought back to Xzk,

These new operators Z,({") satisfy the following relations (see fact 3 in appendix A for a proof):

~ Tt~ ~
( (d—n) -
(A7) =2 =2 (9)
for any pair n,k=0,...,d — 1, and
d—1 N
STATAY = a1 (40)
k=0

foranyn=0,...,d— 1.

The motivation for considering the above replacement rule to construct Bell inequalities tailored to
multi-qudit graph states stems from a few facts. First, the same rule was already used in [24] to derive Bell
inequalities maximally violated by the two-qudit maximally entangled states, which are the simplest
examples of the graph states. Second, the same rule in the simplest case of d = 2, outlined also in section 3.1,
allowed to construct nontrivial Bell inequalities for all multi-qubit graph states. We thus believe that,
similarly to the case d = 2, the assignment (37) prevents the local models achieve the maximal quantum
values of the resulting Bell expression. It also allows, as evidenced in [24], to easily construct sum-of-squares
decompositions of our inequalities, and thus analytically determine their maximal quantum vaues.

3.3. Examples
Before presenting our construction in full generality, let us first illustrate how to use the qudit replacement
rule to obtain valid Bell inequalities tailored to graph states by means of two examples.

Example 1 (AME(4,3)). As mentioned in section 2.3, the four-qutrit absolutely maximally entangled state is a
graph state corresponding to the graph presented on figure 1. The stabilizing operators defining this state are
given in equation (23). We recall them here

Gy = X1Z,24, G, = Z1 X275, Gs = 2, X373, Gy = 2, 23X,. (41)

Since the neighbourhood of all vertices of this graph is of size two, each vertex is equally good to implement
the transformation (37). For simplicity we choose it to be the first site. Moreover, as in the previous example,
we denote the observables measured by the four parties as Ay, By, etc.

Now, to create the set of matrices XZ* (necessary for the transformation (37)) at the first site we consider
the stabilizing operators Gy, G, G,, and G; G5. These are, however, insufficient to uniquely define |AME(4,3))
as they do not include G; and G;. Since G3 has the identity at the first position we can include it as it is,
whereas we need to take a product of G4 with G to create XZ at the first site. As a result, the final set of
stabilising operators which we use to construct a Bell inequality for |AME(4,3)) consists of

G=X®ZIR11Z,
GG =XZRIXRZR®Z,
GG =X"RIX’ Q7R Z,
G=1ZX372
GG =XZRZRZ* R ZX. (42)

Now, to each of these stabilising operators we associate an expectation value in which particular matrices
are replaced by quantum observables or their combinations. For pedagogical purposes, let us do it site by site.
As already mentioned, at the first site we use equation (37) which for d = 3 gives

9
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- 1
X — A() :ZW(AO—’_Al—'_AZ))
1

1
\/5)\1&]
~ 1 _ 3

X722 o A= NN (Ag+w A1 +w™'4,), (43)
where \; = —iw?/? = w'/1? = exp(7i/18) and A\, = A} (cf equations (32)—(34)) and we denoted for
simplicity A= Kfl). We dropped the subscript n appearing in the transformation (37) because for n =2 one
has (XZ)2 = (XZ)T for k=0,1,2 and A = AT (cf equation (39)); nevertheless, we need to take into
account the case n =2 when constructing the Bell inequality.

We then note that at the second site we also have three independent unitary observables Z, ZX and ZX>
[note that (ZX)? = (ZX?)? = 1], and therefore we can directly substitute

XZ — A = (Ao +w ™A1 +w™?4,),

Z — By, ZX — By, ZX? - B,. (44)

At the third site we have Z, Z? which represent a single measurement (cf section 2.1), and X which is
independent of the other two. We thus substitute Z* — CX with k = 1,2 and X — C,. Analogously, for the
fourth party we have Z — Dy and ZX — D;.

Taking all the above substitutions into account we arrive at the following assignments

G — (AVBDy), GGy — (AVBCDy),  GIGE — (AVVB,CDy), (45)
G1Gs — (AVB,C2Dy), (46)

and for Gs:
G3 — <BOC1DQ>. (47)

Notice that the expectation values corresponding to n =2 in the assignment (37) are simply complex
conjugations of the above ones. By adding all the obtained expectation values, we finally obtain a Bell
inequality of the form

1
1 =
AME Ny

[<(A0 +A1 +A2)B()D0> + <(A() + UJ2A1 + WAz)Bzc(z)Doﬂ

1
+ m [<(A0 + (-L)Al =+ WZAZ)Bl C()Do> + <(A0 +LUA1 =+ LL)ZAz)B()C(Z)DIH
+ (ByC1 D) + c.c. < Bue, (48)
where c.c. stands for the complex conjugation of all five terms and represents the expectation values obtained

for the case n =2 of the assignment (37); in particular, it makes the Bell expression real. Moreover, the second
line comes with 1/2 coefficient for reasons that will become clear later. The classical value in this case is

Bue =2+ 3(w™ V2 +w?? —w*?) = 7.638 16. (49)

Let us prove that the maximal quantum violation of this inequality is BSME = 8. First, denoting by Bame a
Bell operator constructed from Iymg, we can write the following sum-of-squares decomposition, which is
inspired by the sum-of-squares decompositions found in [24]:

81 — Bame = (1 — AgByDy)T (1 — AgByDy) 4 (1 — A,B,C2Dy) T (1 — A,B,C2Dy)
1 ~ ~ 1 ~ ~
+50 —A1B,CoDy) (1 — A, B,CoDy) + 51 — A1ByC2Dy) (1 — A, ByC2D,)
+ (1 — ByC,Dy) T (1 — ByCyDy), (50)

where A,, B, etc are arbitrary three-outcome unitary observables. To prove that this decomposition holds
true one simply expands its right-hand side and uses the property (cf equation (40)), which in the particular
case d = 3 reads,

AlA,+ATA, +ATA, =31, (51)

Now it becomes clear why the second line of Iymg comes with 1/2.

10
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From this decomposition we immediately conclude that 81 — Bamg = 0 for any choice of the local
observables, which implies that also for any state |1), (¢)|Bamg|t)) < 8. To show that this bound is tight it
suffices to provide a quantum realisation achieving it. Such a realisation can be constructed by inverting the
transformation in equations (43) and (44), that is, by taking

A = \[ZWkak(kH)o (k=0,1,2), (52)

and B, = ZX” with y = 0,1,2, Cy = Zand C; = X, and D,, = ZX" with w = 0, 1, we can bring the Bell
operator Bamg to

1
BAME = G] + Gng + E(Gl G2 + G1 G4) + G3 + h.C., (53)

which is simply a sum of the stabilising operators of |JAME(4,3)). As a result, the latter achieves the maximal
quantum value of the Bell inequality (48).

Example 2 (Two-qudit maximally entangled state). Let us then consider the case of arbitrary prime d and
construct Bell inequalities for the simplest graph state which is the maximally entangled state (18) stabilised
by the two generators given in equation (19).

Since we are now concerned with the bipartite scenario we can denote the observables measured by the
parties by A, and B,; the numbers of observables on both sites will be specified later. As already explained, to
construct Bell inequalities we cannot simply use the replacement (25), we rather need to employ the one in
equation (37). Let us moreover assume that we implement this transformation at Alice’s site.

To be able to apply the above assignments, we need to consider a larger set of stabilising operators which
apart from X and Z¥ operators contain also (XZk)" withk=0,...,d—1landn=1,...,d— 1. To construct
such a set one can for instance take the following products of G/ given in equation (19):

GG =xZreoxz7F  (k=0,1,...,d—1). (54)

However, to take into account all the outcomes of the measurements performed by both parties we need to
also include the powers of the above stabilising operators (cf section 2.1) which leads us to the following
d(d — 1) stabilising operators of |1/ ):

gt = [Gl(G)"]" = (xZ)" @ (xz™9)"  (k=0,....d-1L;n=1,...,d—1). (55)

We can now construct Bell inequalities maximally violated by the two-qudit maximally entangled states.
Precisely, to each of the stabilising operators G;' we associate an expectation value in which the particular
matrices appearing at the first site are replaced by the combinations (37) of the observables A,,

(xz5)" = A", (56)
whereas at the second site we substitute directly

(xz79)" = By. (57)
In other words, we associate

g — (A{"BL) (58)
withk=0,1,2andn=1,2.

Adding then all the obtained expectation values and exploiting the fact that A, ! = \*, we finally arrive at
Bell inequalities derived previously in [24]:

d—1d—1
Imax = Z <Al(cn)BZ>
n=1 k=0
1 d—1 d—1
=D > W (Al ) < B (59)
y / X Fmax?
\/3 n=1 x,y=0
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Table 1. Maximal classical values of the Bell expression Inax given in equation (59) for d = 3,5, 7. For comparison we also present the
maximal quantum values.

d BL Ba Ba/Br
3 6cos(m/9) 6 1.064

5 4(2++/5) 20 1.1803
7 o~ 33.3494 42 1.2594

C

where 85 stands for the maximal classical value of I,y It is in general difficult to compute 55

max
analytically, however, for the lowest values of d = 3,5, 7 it was found numerically in [24]; for completeness
we listed these values in table 1.
On the other hand, these Bell inequalities are designed so that their maximal quantum value can be

determined straightforwardly. Let us formulate and prove the following fact.

Fact 1. The maximal quantum value of the Bell expressions 19 is BR, =d(d—1).

Proof. The proof is straightforward and consists of two steps. First, we denote by

d—1 1

d—1
1
Buax=—F5 Y + > w "VAl@B] (60)
\/H n=1 )\ g

n x,y=0

a Bell operator associated to the expression I,(Qx, where A, and B, are arbitrary d-outcome unitary observ-
ables. Second, one uses equation (40) as well as the fact that the Bell operator is Hermitian to observe that the
following sum-of-squares decomposition holds true
|zt N + N
A(d — 1)1 — Bax = EZZ(H—A@@B;) (]1—A§">®B;). (61)

n=1 y=0

Consequently, d(d — 1)1 — By is a positive semi-definite operator for any choice of local observables,
and thus ﬁ[(n’QX < d(d—1). To prove that this inequality is tight we can construct a quantum realisation for
which Il(fa)x = d(d — 1). Precisely, we notice that for the following choice of observables for Alice and Bob (cf

equation (38)),

d—1
An _
A= TS Wy, B = (X2 (6
k=0

\f = y

the Bell operator By, simply becomes a sum of the stabilising operators of |1/ ),

d—1d-1
n
Bmax = [G{(Gzl)k} ’ (63)
n=1 k=0
meaning that (¢} [ Bmax|1/) ) = d(d — 1). As a result B, = d(d — 1), which completes the proof. O

3.4. General construction
We are now ready to provide our general construction of Bell inequalities for arbitrary graph states. Let us
first set the notation.

Consider a graph G = (V, &£, R, d) and choose two of its vertices that are connected. Without any loss of
generality we can label them by 1 and 2. Let then A; and N be respectively the neighbourhood of the first
vertex, i.e. the set of all vertices that are connected to it, and its cardinality. Clearly, we can relabel all the
other neighbours of vertex 1 by j € N7\ {2} ={3,...,N; + 1}. We finally label the remaining vertices that
are not connected to the first vertexas I € V \ {1,N;} = {N; +2,...,N}. The generators corresponding to
the graph G are denoted G; (see equation (14) for the definition thereof), whereas the graph state stabilised
by them by |G).

Let us then define the Bell scenario. It will be beneficial for our construction to slightly modify the way
we denote the observers and the observables they measure. Precisely, the observables measured by the first
two parties are denoted by A, and B, with x,y = 0,...,d — 1, respectively; notice that both them can choose
among d different settings. Then, the other observers connected to the first party A measure three

12
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observables which we denote C” with z = 0,1,2andie N\ {2} The remalnmg observers (that do not
belong to A7) have only two observables at their disposal, denoted D0 , " where i € {N1+2,...,N}.

Before providing our construction in detail let us first present a short overview of it. Analogously to the
examples presented above, for a given graph G and the corresponding graph state |1)¢), we first construct a
sufficiently large set of stabilising operators (together with their matrix powers) obtained from the generators
G;. Then, to each of these stabilising operators we associate an expectation value in which the local matrices
are replaced by arbitrary observables of their combinations; in fact, at the first site we implement the
replacement rule (37), whereas at the remaining sites the operators are directly replaced by the observables.
The motivation to use (37) is that it allows to obtain nontrivial Bell inequalities for which the quantum and
classical values differ (see [20, 24]). Then, a suitable combination of the obtained expectation values gives rise
to a Bell expression (cf equation (84)) whose maximal value can be analytically determined by constructing a
suitable sum-of-squares decomposition, as shown in theorem 2 below. Importantly, the above replacement
rule can be reversed in the sense that by choosing suitable observables for each of the observers—in particular
the first observer measures the observables defined in equation (38)—one can bring the corresponding Bell
operator to a sum of the stabilising operators of the given graph state (cf equation (97)), which allows one to
show that the graph state |¢)g) achieves the maximal quantum value of the given Bell expression.

Let us now present our construction in more detail. To derive a Bell inequality tailored to the graph state
|G) we begin by rewriting the stabilising operators G; corresponding to G by explicitly presenting operators
acting on the first two sites as well as on the neighbourhood N;. The first two stabilising operators read

G=x02"0 & Z" (64)
meNT\{2}
and
N
G=2"0Xe Q Zi"o Q Zn". (65)
meN\{2} m=N+2

Then, those associated to the other vertices belonging to N are given by

N
G = Z;l,i ®Z;2,i RX;® ® Z;;[,m ® ® Z:'i/l,m, (66)

meN1\{2,i} m=N;+2

where j = 3,..., N}, whereas the remaining G;’s for i € {N; +2,...,N} are of the following form

G=1,02"® K Zi"oX® & (67)
meN1\{2} me{N+2,...,N}\{i}

It is worth adding here that since by assumption the first two vertices are connected, r; ; 7# 0. Moreover, G,
acts trivially on all sites that are outside N; U {1}.

Given the stabilising operators, let us then follow the procedure outline already in the previous examples.
We begin by constructing a suitable set of stabilising operators. First, to create at the first site the operators
XZ* required for the assignment (37), we consider products G; G with k =0, ...,d — 1. This set, however,
does not uniquely define the graph state |G) as it lacks the other generators. To include them we first notice
that any G; with i € AV} \ {2} contains the Z operator or its power at the first position and therefore we take
their products with Gy, that is, G, G; with i € AV \ {2}, again to obtain XZ* at the first site. On the other
hand, the remaining generators G; for i € {N; +2,...,N} have the identity at the first position and therefore
we directly add them to the set.

Thus, the total list of the stabilizing operators that we use to construct a Bell inequality is

Gle:=(GiGY)" (k=0,....d—1),
G =(GiG)"  (k=3,....,N1+1), (68)
Gi =Gy (k=N;+2,...,N),

where we have added powers to include all outcomes in the Bell scenario. Let us now write these operators
explicitly

Gl = (X2 0 (2oxN e Q Z e Q) (69)
meN\{2} me{N;+2,...,N}

13
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fork=0,...,d—1,

g;k _ (XZrl,k)’; ®Zg(71,2+72,k) ® (ZX)'® ® Z;(Tl,m“r?’k,m) ® ® Zkm (70)

meN\{2,k} me{N+2,...,N}

fork=3,...,N;+2,and

Gi=LoZ"e K Zn"eXie X Zpk 71)
meNI\{2} me{Ni+2,....N}\{k}

fork € {N;+2,...,N}.

We associate to each of these stabilising operators an expectation value in which the local operators are
replaced by d-outcome observables or combinations thereof. Let us begin with the first site where we have
(XZF2)" with k= 0,...,d — 1, XZ™i with i = 3,...,N; and the identity. It is important to notice here that
due to the fact that d is a prime number, for any r , # 0, kry  spans the whole set {0,...,d — 1} for
k=0,...,d— 1; in other words, the function f(k) = kr; , defined on the set {0,...,d — 1} is a one-to-one
function. Thus, XZ*> contains all the d different matrices appearing in the transformation (37). We thus
substitute

Mk a (ko +1) -1

XZnayt 5 AN = N rknagn, (72)
( ) kry 1,2 \/&An ;
Analogously, we substitute
- —nryi(kry,i+1)
(xZ7)" — A = < Zw*"“ A (73)

fori =3,...,N;+ 1;inbothcasesn=1,...,d— 1.

Let us then move to the second site. The matrices appearing there are 22 X* with k = 0,...,d — 1 and
ZmMnatn) withi = 3,...,N; + 1. Since for any 71 , the former are all proper observables in our scenario,
that is, they are unitary and their spectra belong to {1,w',...,w? '}, we can directly substitute them by
observables By. Specifically, for k=0 we assign

Z" — By (74)
which implies in particular that
Zme — B, (75)
and for the remainingk=1,...,d—1,
(zn2xk)" — B (76)

We distinguish the case k = 0 to simplify the assignment of observables to the other set of matrices Z"(".2472.)
withi =3,...,N; + 1. These are simply powers of Z and thus we associate with them a single observable By;
precisely,

Zn(r1’2+rz’i) N Bg(r1'2+r2‘i). (77)
Let us now consider all sites from A/ \ {2}. From equations (69), (70) and (71) it follows that the

operators appearing there are Z™ X with i = 3,...,N; 4+ 1 and powers of Z, and thus we can make the
following replacements

Z—CP  and  zrix -l (78)

foranyi = 3,...,N;. Finally, for the remaining sites we have simply the X operator at various sites and
powers of Z. Thus, foranyi = N; +2,...,N,

z—Dp"  and X — DY (79)

14
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Collecting all these substitutions together we have

N+l nri
Gy G = A" B e @ ] (80)
i=3
and
Ni+1 N
n(ry,i+kra,;) ; nkry, i
glk—>g : kr12®3k®®{é} ® ® {Dé)} (81)
i=Nj+2
fork=1,...,d— 1. Then,
alr ; n(ry,i+re,i) n Nitl i n(ry,i+re,i) N N
gzk%gzk._AgZ@B(lkﬂk)@{ ()] [ gk)] ®®{C(())} 0% [Dﬂ
i=3 i=k+1 i=N;+2
(82)
with k € {3,...,N; + 1}, and, finally,
Nit1 N\ ATk k-1 N\ ATk 01" N N\ ATk
G = G =B @] ® [P e plf] e @ [pf] (83)
i=3 i=Nj+2 i=k+1

fork € {Nl +27...,N}.
Lastly, by taking a weighted sum of expectation values of the above operators, we arrive at the following
class of Bell expressions for a given graph state:

d—1 N;+1 N
Ig:=) < (")> + ch K <Q " > >k <Qz("k)> + > <Q§"k)> : (84)
n=1 k=3 k=N, +2
where ¢; ; > 0 are some free parameters that satisfy
Ni+1
axt Y, o=l (85)
=3
{jir1,j=kr 2}
foreach k =1,...,d — 1, where the second sum goes over all j such that for a fixed k, ry ; = kry . As we will

see below the conditions (85) are used for constructing sum-of-squares decompositions of the Bell operators
corresponding to Ig, which in turn are crucial for determining the maximal quantum values of I. In fact, we
can prove the following theorem.

Theorem 2. The maximal quantum value of Ig is
BG=(d—1)(N=Ni+d—1). (86)

Proof. To prove this statement let us consider a Bell operator corresponding to Ig,

d—1 N;+1
Bg=> 16 +chkg +Zc2kg + Z G|, (87)
n=1 k=N;+2

where @(z) are defined in equations (80)—(83). We show that B¢ admits the following sum-of-squares decom-
position

Bg = (d— )(Nleerfl)]l

ﬂ:1 N +1 ¥ . N ~ 1 .
+Zc2k(11 a\) (11—g§j}3)+ S o(n-a%) (n-a)| . e
k=N,+2
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To verify that this decomposition holds true let us expand the expression appearing in the square brackets
for a particular #,

Ni+1
<1+chk+ ZCZH-N N1—1> ]l_B((_;n)_ {Bé")} (g(n)) gl(no)

Ni+1
+Za ¢ (9 (”’) G+ Z Co (g(”)) Gy + Z (g‘”)) Gy (89)
k=N, +2
where B((j") is a part of the Bell operator corresponding to a particular n, that is,
Ni+1
By = 910+Zq G +Zc2kg< - Z &k 03 (90)
k=1 k=N, +2

We now notice that by summing all the conditions (85) one can deduce that

N;+1

ZqHZm— -1, (91)

which implies that the coefficient in front of the identity simplifies to d + N — N; — 1. Using the definitions of
(ji(z) one then has that

(61683 e (01002 D (01) 2+ > (6) 68
k=1 k=N;+2
:(zgﬂ)*;ig"ujc (A,E’?Z) ,((:1])2+§:1€2k< ’fk) AY 4 (N= Ny~ 1)1
k=1
5 (K,E”))TK,‘(”) F(N=N,— D)1 =(d+N—N, — )1, (92)
k=0

where the second line follows from the fact that apart from the first position all the local operators in Gvi(',? are
unitary (notice also that é§”,3 have the identity at the first position), whereas the second line stems from the
conditions (40) and (85). All this allows us to rewrite (89) simplyas2(d+ N — N; — 1)1 B(") B mt . Taking
finally the sum of these terms over n = 1,...,d — 1 we arrive at the decomposition (88), Wthh completes the
first part of the proof.

From the decomposition (88) one directly infers that (d — 1)(d+ N— N; — 1)1 — Bg is a positive semi-
definite operator for any choice of the local observables, which is equivalent to say that for any Bell operator
Bg corresponding to Ig and any pure state |¢)), the following inequality is satisfied

(Y|Bgly) < (d—1)(d+N—N; —1). (93)

To show that this inequality is tight, and at the same time complete the proof, let us provide a particu-
lar quantum realisation that achieves it. To this end, we can invert the transformation we used to con-
struct Ig. Precisely, we let the first party measure d observables Ay with k=0,...,d — 1 which are defined

in equation (38); for them A(”) (XZF)". The remaining parties measure

=7"  Bl=(zvxXh"  (k=0,...,d—1) (94)
c'=z  c"=znix (95)

fori =3,...,N; + 1, and, finally,
p{’=z, ~ DV=x (96)

fori =N;+2,...,N.
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It is not difficult to see that for this choice of quantum observables the Bell operator reduces to a combin-
ation of the stabilising operators of the given graph state |G), that is,

d—1 d—1 Ni+1 N
Bg=Y G+ axGG)" + ) aiGG)"+ Y G| (97)
n=1 k=1 k=3 k=N,+2

Owing to the conditions (85) as well as (91), one finds that
(G|Bg|G) = (d—1)(N—=Ny +d—1), (98)

which is what we aimed to prove. O

We have thus obtained a family of Bell expressions whose maximal quantum values are achieved by graph
states of arbitrary prime local dimension. To turn them into nontrivial Bell inequalities one still needs to
determine their maximal classical values which is in general a hard task. For the simplest cases such as Bell
inequalities for the AME(4,3) state or those tailored to the maximally entangled state of two qudits for low
d’s, the classical bounds can be determined numerically (cf equation (49) and table 1). On the other hand, in
the next section we show that our inequalities allow to self-test the graph states of local dimension three, and
thus for all of them the classical bound is strictly lower than the Tsirelson’s bound. It is also worth
mentioning that the ratio between the maximal quantum and classical values will certainly depend on the
choice of vertices 1 and 2, in particular on the number of neighbours of the first vertex N because this
number appears in the formula for 3 (86).

Let us finally mention that our inequalities are scalable in the sense that the number of expectation values
they are constructed from scales linearly with N. Indeed, it follows from equation (84) that the number of
expectation values in Ig is

(d=1)[N+ (N1 +d)(d—1)] (99)

which in the worst case N; = N — 1 reduces to (d — 1)[Nd + (d — 1)?]. This number can still be lowered twice
because the expectation values in Ig for n = [d/2],...,d — 1 are complex conjugations of those for
n=1,...,|d/2]. Another possibility for lowering it number is to choose as the first vertex the one with the
lowest neighbourhood. While it is an interesting question whether it is possible to design another
construction which requires measuring even less expectation values, it seems that the linear scaling in N is
the best one can hope for.

4. Self-testing of qutrit graph states
Here we show our second main result: we demonstrate that our Bell inequalities can be used to self-test

arbritrary graph states of local dimension d = 3. In this particular case the general Bell expression (84) can be
written as

d—1 Ni+1 N
Ig:= < 1(”0)> +ch,k<gff}3> +> Cz7k<gz(fk)> + ) <Q3("k)> +cc., (100)
k=1 k=3 k=N;+2
or explicitly as,
~ Nitl N7,
Ig == <AOBQ’2 IT [c] >
i=3
2 ~ Nitl ~7 T,k N ~7 ki
SO (CURS (0
k=1 i=3 i=N;+2
N+l ~ 4 k1 () it (k) Nitl () itk N () Tk,i
+ Z ax{ A, By 2"kl_[ [Col } G H {Col } H [Dol }
k=3 i=3 i=k+1 i=N;+2
N N1 NEE Ml N (k N NEE
+ 3 (B IL [P T [0 o T [P6] ) +ec. (101)
k=N, +2 i=3 =Ny +2 i=k+1
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where c.c. stands for the complex conjugation and represents the n =2 term in equation (84), whereas the
coefficients ¢ x and ¢,  satisfy the condition (85).

Let us now prove that maximal violation of Ig can be used to self-test the corresponding graph state
according to definition 1. To this aim, we state the following theorem.

Theorem 3. Consider a connected graph G and assume that the maximal quantum value of the corresponding
Bell expression Ig is achieved by a pure state [{p) € H, ® ... ® Hy and observables A, B,, etc acting on the local
Hilbert spaces H,;. Then, each Hilbert space H; decomposes as H; = C*> ® H/ and there exist local unitary
operators U; with i = 1,...,N such that

(U1 ®...@ Un)|¥) = |tbe) ® [aux) (102)

with |aux) being some state from the auxiliary Hilbert space H{ ® ... ® H.

Before we present our proof let us mention that it is follows a similar reasoning to the proof of self-testing
of N-qubit graph states in [20], but since we deal here with qutrits it also makes a use of one of the results of
[24], which for completeness we state in appendix B as fact 5.

Proof. Let us first notice that it is convenient to assume that the local reduced density matrices of the state
|1)) are full rank; otherwise we are able to characterize the observables only on the supports of these reduced
density matrices. Moreover, we assume for simplicity that r; , = 1; recall that by construction r; ; # 0. The
proof for the other case of r; , = 2 goes along the same lines.

The sum-of-squares decomposition (88) implies the following relations for the state and observables that
achieve the maximal quantum value of the Bell expression Ig,

G ) = ) (103)
fork=0,1,2,

G ) = ) (104)
fork=3,....N, + 1, and

G ) = ) (105)

fork=N;+2,...,N.

Before we employ the above relations in order to prove our self-testing statement let us recall that Z,(cn)
(x=0,1,2) are combinations of the first party’s observables and are not unitary in general; still, they satisfy
Z,(CZ) = Z,(CI)T. At the same time B, Cgi), and Dg) are all unitary observables which in the particular case d =3
satisfy B} = B] etc. This implies that le(i) = QVI(}C)T

The main technical step we need is to identify at each site two unitary observables whose anticommutator
is unitary. This allows us to make use of fact 5 and corollary 4 (see appendix B) to define local unitary operators
that map the two unkown observables to the qutrit ones. For parties having three measurement choices, the
remaining observable will be directly mapped to other qutrit operators thanks to anticommutation relations
that can be inferred from the sum-of-squares decompositions.

Our proof is quite technical and long and therefore to make it easier to follow we divide it into a few steps.
In the first four we characterize every party’s observables that give rise to the maximal quantum violation of
the inequality, while in the last one we prove the self-testing statement for the state.

Step 1. (A, observables). Let us first determine the form of the first party’s observables A,. To this end, we
concentrate on conditions (103) which for n=1and r; , = 1 can be rewritten as

Ay®By®@Ci|v) = ),
A, ® B, ®C,C, ®D|Y) =),
A, ®B,®C,C. @D |¢) = |v), (106)

where C; and D are short-hand notations for

Ni+1 y N "
= [cgm>] ", b= [Dé’”)} " (107)
m=3
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where i = 1,2, and, finally,
D w A, (108)

Recall that in the case d = 3, Z}({z) = Kél)T. Moreover, since @(i) = CZ ( }()T, equation (103) for n =2 gives another
set of conditions, similar to (106) but with all local operator)s being’Hermitian—conjugated. By the very defin-
ition, B;, C; and D are unitary and satisfy B} = C=D=1.

The above equations contain all three operators A (i =0,1,2). Let us then concentrate on the first condi-
tion in (106) and use the fact that By and C; are unitary to rewrite it as

Aol) = B @ Ty [v), (109)
which, taking into account that B} = 1 as well as ET =1, implies also that
A}|Y) = By @ Ci ). (110)

We can now use again the first condition in equation (106) but with all local operators being ‘daggered’ (recall
that it follows from equation (103) for n=2), which allows us to obtain A2|)) = Af[¢)). Since the reduced
density matrix corresponding to the first subsystem of |4)) is full rank, the latter is equivalent to the following
relation

A=Al (111)

Using similar arguments one then shows that A, is unitary, which together with (111) implies that KS =1and
thus Ao is a proper quantum observable.

Employing then the second and the third relation in equation (106), one can draw the same conclusions
for the other two operators on Alice’s side, Kl and Kz. As a consequence, all three Zi are quantum observables;
in particular, they satisfy

AP=A1  (i=1,2,3). (112)

Let us now use (112) to characterize A, observables. By substituting equation (108) into it one finds, after
a bit of algebra, that the observables A, are related via the following formula:

{Ai,Aj} = —wA], (113)

wherei,j,k =0,1,2and i # j # k. Using again equation (108) one can also derive similar relations for the tilted
observables,

(A, A} = Al (114)

with 7,7,k = 0,1,2 such that i # j # k.

Importantly, equation (113) and, analogously, (114) were solved in [24]. In fact, it was proven there (cf
fact 5 and corollary 4 in appendix B) that one can identify a qutrit Hilbert space in #; in the sense that
H, = C®> ® H/ for some auxiliary Hilbert space 7, and that there exists a unitary operation U; : H; — H,
such that (notice that the third observable Kz is obtained from the first two by using (114))

U AU =xZ o PV + (x2) TP (i=0,1,2), (115)
where Pfl) (i = 1,2) are two projectors such that PEI) + Pgl) = 1{, where 1] is the indentity on #,. There are

thus two inequivalent sets of observables at the first site that give rise to the maximal quantum value of our
Bell expressions: XZ' with i = 0, 1,2 and their transpositions.

Step 2. (B, observables). We can now move on to characterizing the B, observables. First, by combining the
identities in (106) with equation (114) and then by using the fact that C; and C, commute as well as that A;
are unitary, one finds the following equations

{Bi, B} [1)=B]|) (116)
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for all triples 1,7, k such that i # j # k. By virtue of the fact that all the single-party reduced density matrices of
|1} are full rank, these are equivalent to the following matrix equations

{Bo,B1} = —B;
{Bo,B,} = *BL
{B1,B,} = B, (117)

and thus the B, observables satisfy analogous relations to A. This implies that H, = C*> ® H; for some auxil-
iary Hilbert space #,, and there exists a unitary operation U, : H, — H, such that (cf fact 5 and corollary 4)

U, B UL = zx @ PY) + (zx')T @ PP, (118)

for i =0,1,2, where PEZ) and sz) are two orthogonal projectors such that sz) +P§2) =1, where 1; is the
identity acting on H, (notice that as before the form of the third observable B, follows from (117)).

Step 3. (Cg") observables). Let us now move on to the Cgi) observables that are measured by the observ-
ers numbered by i =3,...,N; + 1, and consider the first equation in (106) and the conditions that follow
from (104), which for our purposes we state as

~ Tk —
Ao Byo [CF] " @ Coal) = [4) (119)
and
5 1k K k) o~/ Y _
Ay, ® By ® Gy ® Gy ® Difth) = ) (120)
withk=3,...,N; + 1,and
_ N (m)] " — Ny (m) m+Tkm _ N (m)]"em
Cu=@ "] C=Q ] . D= @ (o] (121)
m=3 m=3 m=N;+1
m#£k m#£k

Importantly, r; x # 0 for any k= 3,...,N; 4 1, and hence all equations in (120) contain either Xl or Zz.
Let us then exploit the fact that all local operators in both equations (119) and (120) are unitary and therefore
these equations can be rewritten as

k 1,k ~ iJr
(] 1) = Al @ Bl & T 4ly),

ey (s 1t —
c¥ly) =l e B, " o [C] @ Dilw). (122)

Crucially, Co t, 6(;,  commute and therefore we deduce that

1,k ~ o~ — — T —
{[P]" 1wy = (Ao, A} @By 0 T, [Chu] @ DlIw), (123)
where for simplicity we denoted Ay = —(1 + ry x + 2.). In a fully analogous way we can derive
1k T ~ o~ _ —  — —
{[c] e} 1) = (Ao, A1} @ By ™ @ ooy @ Dily). (124)

Both these conditions when combined with equation (114) allow us to conclude that

{fe]" ey (o)™ ey = (] e {[e]™ ) =ae oo

i.e. the above anticommutator is unitary. We can therefore use fact 5 and corollary 4 (see appendix B) which
say that for any k=3,...,N; + 1, H; = C’ ® H] with H] being some auxiliary Hilbert space of unknown
dimension, as well as that there exist unitary operations Uy such that

Ui [cg")} Ul =z @1y, (126)
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and
U U = zmxe P + (zx) 2 Y, (127)

where ng) + ng) =1;.

Step 4. (ij) observables). Let us finally focus on the D observables. We first consider all vertices i € {N, +

2,...,N} thatare connected to the second vertex. For them r; j # 0 and therefore we have from equation (105),
). = - k
By* @ Cox ® Dy @ DY [4) = o), (128)
where
N " N .
~ m m j—) i )i
Coi=R [cg )} . D= & [D(())} . (129)
m=3 i=N;+1
i#k

At the same time, equation (103) for k=1 gives

~ N 2k —
A @B ©CGo D] @ Doxle) = ) (130)
where
N N 12,0
Doi= X [D(()l)} . (131)
i=N;+1
i£k

We then rewrite both equations (128) and (131) as

~ —, 7t
k —1,
DE )|¢> =Bor'k®C$,k® [D(;,k} [4),

2k ~ PR —
D] 14) = Al @ Bl © TC) @ Dj o). (132)

Since as already proven, the anticommutator of B, "% and B, is unitary for any k such that r, y # 0, the above
equations imply that for all k = N, 4 2,...,N for which r, ; # 0, the anticommutator of Dik) and [D(()k)]“»k is
unitary too.

We can now move on to those vertices i € {N; 4 2,..., N} that are connected to the remaining neighbours
of the first vertex. In this case we proceed in the same way as above, however, we now combine the condi-
tions (104) and (105) as well as we employ the forms of Cgi) operators given in equations (126) and (127) to
observe that for any site k which is connected to a neighbour m of the first vertex the anticommutator of Dik)
and [Dék)]'mfk is unitary and therefore D(()l;)l satisfy the assumptions of fact 5 in appendix B.

Let us finally consider the remaining vertices that are not neighbours of the first vertex. For each of them
we can prove that the anticommutator of the local observables D(()I;)l or powers thereof is unitary in a recursive
way starting from vertices connected to those that are connected to the neighbours of the first vertex and
employing the relations (105). Step by step we can prove the same statement for all D sites exploiting the fact
that the graph is connected and therefore for each vertex there is a path connecting it with any other vertex in
the graph.

We thus conclude that for all vertices k = Ny + 2, ..., N the local Hilbert is H; = C°> ® H for some finite-
dimensional #; and that there exists a unitary Uy such that (cf fact 5 and corollary 4 in appendix B)

u.DP Ul = zo 1} (133)
and

U DM Ul = x@ PV + X7 @ M. (134)
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The state. Having determined the form of all local observables we can now move on to proving the self-testing
statement for the state. After substituting the above observables, the ‘rotated’ Bell operator corresponding to
the Bell inequality which is maximally violated can be expressed as

1
UBgU'= Y Bu@P))@..@PQ, (135)

my,...,my=0

where U=U; ®...® Uy and P,S;? are projections introduced above that satisfy Pgi)Pgi) =0 for any site i =

1,...,N, By, with m := m; ...my, where m; = 0, 1, are N-qutrit Bell operators obtained from
2 Ni+1 N
B=Gio+ Y ciGu+ Y G+ Y. Guthe, (136)
=1 =3 =N 42

through the application of the identity map (#; = 0) or the transposition map (m; = 1) to the observables
appearing at site i. Here, G, , are the stabilising operators of the graph state |G) defined in equations (68) for
n=1and d = 3, which for completeness we restate here as

N +1
Gio=Xi®ZL® ®Z?'i7 (137)
i=3
N;+1 N
r1.i+kry i )i
Gii= (X2, 0 (2x"),0 Rz e Q) 7™, (138)
i=3 i=N;+2
with k =1,2,
k—1 N +1 N
Goe= (X2 2y T o Rz @ (2 X) 0 Q) 2 e (R Z (139)
i=3 i=k+1 i=N>+2
Wlthk:3,7N1+l
N +1 k—1 N
Gi=2"0 Q2o Q) ZVexie K) Z2, (140)
i=3 i=N;+2 i=k+1

with k = Nj +2,...,N. The subscripts were added to X and Z to denote the site at which these operators act;
recall also that we fixed r; , = 1.

The formula (135) takes into account the fact that at each site we have two choices of measurements,
with and without the transposition. Thus, the Bell operator is composed of 2N N-qutrit Bell operators. For
instance, for m; = ... = my = 0 no partial transposition is applied to B and therefore B, o = B, whereas for
my = ... = my = 1 the partial transposition is applied to every site and hence B, = BT, where T stands for
the global transposition.

In order to find the form of the state maximally violating our inequality we now determine the eigen-
vector(s) of the Bell operator Bg corresponding its maximal eigenvalue which is 2(N—Nj +d—1) (cf
equation (86)). To this end, let us focus on the N-qutrit operators B,, and prove that the latter number is an
eigenvalue of only two of them, B and BT, which correspond to the cases m; = mp = ... = my =0, 1, whereas
the eigenvalues of the remaining operators are all lower.

Clearly, B is composed of the stabilising operators of the graph state |G) and therefore its maximal eigen-
value coincides with the maximal quantum violation of the inequality which is 2(N — N; +d — 1). The same
applies to BT because the transposition does not change the eigenvalues and the graph state is real.

Let us then move on to the remaining cases, i.e. m; are not all equal. We will show that in all those 2V — 2
cases the By, operators have eigenvalues lower than 2(N — N; + 2) because for all those cases one can pick a
few stabilizing operators G, , whose partial transpositions cannot stabilize a common pure state anymore. For
further benefits let us denote by G, the stabilizing operators which are partially transposed with respect to
those subsystems i for which m; ='1. We divide the proof into three parts corresponding to three cases: (i)
m; =my =0, (ii)m; = my = 1 and (iii) m; = 0, my, = 1 or m; = 1, my, = 0, and also a few sub-cases.

e The first one assumes that either m; =1 and m,; = 0 or m; = 0 and m, = 1, i.e. we take the transposed
observables at the first or the second site, but not both at the same time. For simplicity let us then fix m; =
1 and m, = 0. We consider three operators QIT . with i =0,1,2, where T is the transposition applied to
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the observables at the first site. It is not difficult to observe that using the explicit forms of the stabilizing
operators (cf equations (137) and (138)) and including the transposition at the first site, one obtains

g 11 12:[XT(XZ) (X2, ® 22X ZX%,, (141)

where we also used the fact that the products of the observables at the remaining sites amounts to identity.
Using then the fact that ZX = wXZ, the above simplifies to

G166l =wl. (142)

This simple fact precludes that there exists a common eigenvector of gf . (i = 1,2,3) with eigenvalue one.
e Next, we consider the case when the observables at the first two sites are not transposed, i.e. m; = m, = 0.
There thus exists i # 1,2 such that m; = 1. Let us first assume that this particular vertex belongs to i €
{3,...,N1 + 1}, i.e. we take the transposed observables for this site. We then consider two operators G; o
and G, ;. Notice then that the first of these operators has the Z observable at site i because i € Ny, i.e. it is
connected to the first vertex, whereas the second one has Z" X at this position. At the remaining positions
different than the first two they have only Z observable or the identity which do not feel the action of trans-
position. All this means that in this case Q{:‘O =G and gg'ji = g; .. Due to the fact that the transposition

at site i modifies X appearing in G, ; to X', the operators G0 and ng . do not commute (recall that by the
very definition the stabilising operators without the transposition commute). By virtue of fact 4 stated in
appendix A this implies that G, , and Q; * do not stabilize a common pure state.

Let us now move on to the second sub-case in which m; =1 for any i € NV and there exist i € {N; +
2,...,N} such that m; = 2. Since the graph is connected there exist another vertex j # 1,i which is con-
nected to i. Analogously to the previous case, we consider two operators: G"; and one of G}, where the
choice of the latter operator is dictated by the choice of the vertex j which 7 is connected to: for j = 2 we take
Gi"s forj € {3,...,N; + 1} we take gé'fj; finally, forj € {N; +2,...,N} we take gg"J

Now, G"; has the X operator at site i and the Z operator at the remaining ‘D’ sites, whereas all the other oper-
ators G, for a =1,2,3 and b # i listed above have only either the Z operator or the 1dent1ty at all ‘D’ sites.
Thus, gavb =G, foranya =1,2,3 and b # i and any sequence m in whichm; = 1 for/=1,...,N; + 1, and
g;'jl. = Q3T’ *. Now, it clearly follows that g;fi does not commute with the chosen G, ; because the transposition
at site i changes the X operator to X? and because, by the very definition, Gs ; (without the transposition)
commutes with any other G, j,. As before this implies that g;'j,.ga,b = mgmhg;'ji for some q = 1,2, and there-
fore these two operators cannot stabilize a common pure state (cf fact 4 in appendix A).

o The last case to consider is when m; = m, = 1; the remaining m; can take arbitrary values except for being
all equal to one, which corresponds to the already-considered case of all observables being transposed. Here
we can use the fact that G, for all a, b stabilize the graph state |G) if and only if [G}” ] does, where T is the
global transposition. We can thus apply the global transposition to all the operators gmb and consider again
the case when my = m, = 0 and there is some i # 1,2 such that m; = 1, which has already been considered
above.

Knowing that among all the B, operators only B and B” give rise to the maximal quantum violation of the
Bell inequality corresponding to the considered graph, we can determine the form of the state |1)) maximally
violating the inequality. Due to the fact that each local Hilbert space decomposes as Hy = C* ® H] we can
write the state as

=) i) @i ©... @ fin)n, (143)

1. IN

where [¢) = (U ®...® Un)[¥), |t;,.. i) are some vectors from (C*)®N and the local bases |i) are the

eigenbases of the projectors P%‘k) . The fact that |¢)) achieves the maximal quantum value of the inequality,
Bq = 2(N — Nj + 2), means that the following identity

Bgl) = 2(N = N1 +2)[¢) (144)

holds true. Plugging equations (143) and (135) into the above equation one finds that it is satisfied iff for every
sequence m,

Bu|ti,.. i) = 2(N—= N1 +2)|¥i i), (145)

holds true for all those sequences i, ..., iy for which the local vectors |i); at site k are the eigenvectors of the
operator Pg,fk) . As already discussed above, this condition can be met for only two of these operators, B and B'.
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Moreover, the stabilising operators that B (and thus also BT) are composed of stabilize a unique state, which
is the graph state |G). Consequently, |, . ;) = |G) for any sequence iy, ..., iy for which the corresponding
local vectors are the eigenvectors of P(()k) (or ng) in the case of BT).

On the other hand, we showed that the eigenvalues of the remaining operators By, are lower than the
maximal violation of the Bell inequality and thus in all those cases equation (145) can be satisfied iff the
corresponding vectors vanish, |1;, . ;) = 0. Taking all this into account, we conclude that the state |1)’) has
the following form

(U1 ®...@ Un)[¥) =[¢g) @), (146)

where |) is some state from the auxiliary Hilbert spaces H| ® ... ® HJ; that satisfies

(Pf‘)®...®P§N))\go>:|<p> (i=0,1). (147)
This completes the proof. O
5. Conclusions and outlook

In this work we introduced a family of Bell expressions whose maximal quantum values are achieved by
graph states of arbitrary prime local dimension. While at the moment we are unable to compute their
maximal classical values, we believe the corresponding Bell inequalities are all nontrivial. This belief is
supported by a few examples of Bell expressions for which the classical bound was found numerically, and
the fact that in the particular case of qutrit states they enable self-testing of all graph states. We thus
introduced a broad class of Bell inequalities that can be used for testing non-locality of many interesting and
relevant multipartite states, including the absolutely maximally entangled states. Moreover, in the particular
case of many-qutrit systems our inequalities can also be employed to self-test the graph states, in particular
the four-qutrit absolutely maximally entangled state.

There is a few possible directions for further research that are inspired by our work:

e First, it would be interesting to generalize our method to the case of composite d, in particular for prime
powers. The present approach is based on that of [24] which, in order to prove that the linear combinations
in equation (31) are unitary operators which when raised to d are identities employed certain relations for
quadratic Gauss sums that hold true for prime d.

e Second of all, as far as implementations of self-testing are concerned it is a problem of a high relevance to
understand how robust our self-testing statements are against noises and experimental imperfections.

e Another possible direction that is related to the possibility of experimental implementations of self-testing
is to find Bell inequalities maximally violated by graph states that require performing the minimal number
of two measurement per observer to self-test the state. For instance, for the GHZ state such a Bell inequality
[27] and a self-testing scheme [29] (see also [28]) based on the maximal violation of this inequality were
introduced recently; this inequality is based, however, on a slightly different construction which is not dir-
ectly related to the stabilizer formalism used by us here.

e Fourth, it is interesting to explore whether one can derive self-testing statements based on the maximal
violation of our inequalities for higher prime dimensions d > 0. While it is already known (see [24]) that
these inequalities do not serve the purpose as far as quantum observables are concerned because there exist
many different choices of them that are not unitarily equivalent (such as those appearing in the proof of
theorem 3 for d = 3 which are related by the transposition), whether they enable self-testing of graph states
remains open. In other words, it is unclear whether the given graph state is the only one (up to the above
equivalences) that meets the necessary and sufficient conditions for the maximal quantum violation of the
corresponding Bell inequality stemming from the sum-of-squares decomposition.

o The fifth possible direction is to generalize our construction so that it allows for designing Bell inequalities
that are maximally violated by other classes of states such as for instance the hyper-graph states [43] (see
also [44] in this context).

e Last but not least, one can also explore the possibility of self-testing of genuinely entangled subspaces within
the stabiliser formalism in Hilbert spaces of arbitrary prime local dimension along the lines of [22, 23].
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Appendix A. A few facts

Fact2. Consider the generalized Pauli matrices defined through the following formulas
Xliy=li+1),  Zi)=u'i), (148)

where |i) (i =0,...,d — 1) are the elements of the standard basis of C¢. There are no complex numbers «, 3 #
0 for which aX 4 5Z is unitary.

Proof. The proof is elementary. We first expand
(aX+ BZ) (X +BZ) = (|la)* + |B) L+ BXTZ + B*aZ' X. (149)

Let us then show that for any d > 3, the operators XTZ and Z' X are linearly independent. To this end, we
assume that XTZ and Z' X are linearly dependent and thus X' Z = nZ' X for some ) € C. By using the fact that
ZX = wXZ, we can rewrite this equation as Xtz = 7;wd*1XZf , which, taken into account the fact that X and Z
are unitary further rewrites as Z> = nw? ' X? which for d > 3 is satisfied iff = 0.

It now follows that the expression (149) equals 1 if and only if « or 3 vanishes. This completes the proof.

O

Let us notice that the above fact fails to be true for d =2 because in this case ZX = —XZ and therefore XZ
and ZX are linearly dependent, which makes it possible to find «, 5 such that aX 4 SZ is unitary. In fact, any
pair of real positive numbers obeying o + 3% = 1 makes this matrix unitary.

Let us finally provide a proof of the properties (39) and (40). For this purpose we recall A ) to be given by

N o nk(k+1) 41
A =N kA, (150)
” t=0

where A; are unitary observables.

Fact 3. Consider the following matrices

o nk(k+1) 41

5 (n) —ntk xn
A= N kg (151)
S 5
where A; are unitary observables. For any n = 0,...,d — 1, the following identity holds true:
d—1 N
ZA(d mAM A } A =41, (152)
k=0

Proof. After plugging equation (151) into equation (152), one obtains

d—1 e~ d—1d—1
d—n n —nAn
STAIAY == )\ E 3D WA AL, (153)
k=0 5,t=0 k=0
Employing then the following identity
d—1
> w0 = dg, (154)

and the fact that |\,|?> = 1 for any n, one directly arrives at equation (152), which completes the proof. O
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Fact 4. Consider two N-qudit operators S; and S, which are N-fold tensor products of X'Z with i,j =
0,...,d— 1 with prime d. Assume also that §¢ = S = 1. If [S}, S,] # 0, then they cannot stabilize a common
pure state in; in other words, no nonzero [)) € (C?)®N exists such that S;|¢)) = [¢) fori = 1,2.

Proof. Let us first notice that the Weyl-Heisenberg matrices W;; = X'Z' satisfy the following commuta-
tion relations W; jWy; = w/ %D Wy W, with f: {0,...,d — 1}* — {0,...,d — 1}, and thus there exists g =
{1,...,d— 1} such that

Slszzwq5251 (q: 1,...,d—1), (155)

where g # 0 due to the assumption that S; do not commute.
Now, let us assume that S; stabilise a common pure state, S;|1)) = |¢)) for i = 1,2. Then, the relation (155)
implies |1y = wi|t)) which is satisfied iff |¢)) = 0, which leads to a contradiction. This ends the proof. O

Appendix B. Characterisation of observables

The following proposition was proven in appendix B of [24].

Fact 5. Let Ry and R; acting on some finite-dimensional Hilbert space B be unitary operators satisfying R; =
R} = 1. If the anticommutator {Ro,R; } is unitary, then H = €’ ® H' for some Hilbert space H’ and there
exists a unitary U: H — C° ® H' such that

UR U =X®Q+X® Q" =X®1/

URU' =X’ Z® Q+ 22 @ Q*, (156)
where Q and Q™ are orthogonal projections satisfying Q+ Q- =1’ and 1’ stands for the identity acting
onH’.

Based on the above fact let us now show demonstrate that for each of the subsets of observables Ay, B,,

Cgi) and D&,i) there exist local unitary operations bringing them to the forms used in equations (115), (118),
(126) and (127), and finally, (133) and (134).

Corollary 4. The following statements can be verified by a direct check:

o (A, observables) By usingU, = FI'ViIF® Q, + FTV’f VoF® Q,, where F, Vi and V, are unitary operations
given by

| 1 1 1 1 00 1 00
F:% 1 w W |, vi=[o0o 1 0 |, Vo= 0 0 1 |, (157)
1 W w 0 0 w 0 1 0

one can bring the observables in equation (156) into the following form used in equation (115):

X®Q+X ®Qt,
XZ®Q+ (X2)T® Q™ . (158)

e (B,and Cg") observables) By usingU, = V;FR Q+ (V1 V3)*F® Q-+, and relabelling Q <> Q* one brings
the observables (156) to those in equation (118), that is,

ZQQ+Z0Q=2Zo1,

ZX®Q+ (zX)T® Qt, (159)
where
1 0 0
Vs=[ 0 w* 0 |. (160)
0 0 w?

Then, by applyingUs = (V1V3)* ® Q+ V5 @ Q* operation we can bring (159) to

ZOQ+Z0Q=2Z11,
Z’X0Q+ (Z22X) T2 Q+. (161)

Depending on the value of ry x # 0, both (159) and (161) are used in equations (126) and (127).
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° (va") observables) By applyingUy = V1V Q+ (V1V3)* ® Q- to the above observables (159) one can
bring them to the following form

ZQQ+Z0Q=2Zx1,
X®Q+X ®Qt, (162)

which is used in equations (133) and (134).
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Chapter 5

Concluding remarks

In this thesis, we proposed schemes for certification of quantum systems based on maximal violation
of noncontextuality inequalities and Bell inequalities targeted to special quantum realizations. It is
known from some recent works that Bell inequalities and noncontextuality inequalities are useful for
such a purpose [18]. In this thesis, we generalized some results known from the literature [75]-[22]-
[88]-[89]-[68]-[10] and we were able to drop some strong assumptions made about the quantum devices
used in the protocol of certification. One of the main challenges targeted in this thesis was to find
noncontextuality or Bell inequalities that are maximally violated by certain states and measurements.
Another challenge was to design contextuality-based certification schemes that rely on less assumptions
about the considered physical systems as compared to the existing results [25], [77] and thus make
them as device-independent as possible.

In order to find the desired inequalities, we extensively exploited the stabilizer formalism which
often allows to construct the related the sum-of-squares (SOS) decompositions. We believe that
suitable adaptations of our approach may lead to noncontextuality or Bell inequalities tailored to
other states and measurements beyond those considered in this thesis. Also, beyond the analytical
approaches presented in this thesis, the numerical techniques such as those based on the semi-definite
programming [21], [77], can be very helpful in achieving this aim.

Let us also comment here about the scalability of our methods with the system size. While an
increasing number of measurements and expectation values that the certification schemes are based
on can facilitate the mathematical solutions, they might be a problem as far as experimental imple-
mentations are concerned. Moreover, it is a highly non-trivial question to explore what is the minimal
amount of information about the observed nonclassical correlations that enable making non-trivial
statements about the underlying quantum system.

Another direction for further study, as far as implementations of our certification schemes are
concerned is to explore whether they are robust to noises and experimental imperfections. When
dealing with experimental errors, we have to be aware on how sensitive our methods are to small
deviations close to the optimal quantum violation. However, such a robustness analysis is in general
a highly nontrivial problem as far as analytical methods are concerned, and therefore in this thesis
we present such an analysis only in a particular case. A possible alternative to handle such problems
would be to implement numerical methods.

From a more general perspective, it would be interesting to design a unifying approach to self-

testing based on Bell nonlocality and contextuality. Despite nonlocality being a specific instance of
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contextuality, practical challenges emerge when formulating certification schemes based on these forms
of non-classicality. For instance, in the case of spatially separated systems, commutativity between
measurements performed in different locations is a natural consequence, while for systems for which
spatial separation cannot be guaranteed, compatibility of measurements can be an issue to be tackled

and this was one of the challenges we addressed in this thesis.
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